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Abstract 


We describe surprising relationships between automorphic forms of various kinds, imagi- 
nary quadratic number fields and a certain system of six finite groups that are parameterised 
naturally by the divisors of twelve. The Mathieu group correspondence recently discovered by 
Eguchi-Ooguri- Tachikawa is recovered as a special case. We introduce a notion of extremal Ja- 
cobi form and prove that it characterises the Jacobi forms arising by establishing a connection 
to critical values of Dirichlet series attached to modular forms of weight two. These extremal 
Jacobi forms are closely related to certain vector-valued mock modular forms studied recently 
by Dabholkar-Murthy-Zagier in connection with the physics of quantum black holes in string 
theory. In a manner similar to monstrous moonshine the automorphic forms we identify con- 
stitute evidence for the existence of infinite-dimensional graded modules for the six groups in 
our system. We formulate an umbral moonshine conjecture that is in direct analogy with the 
monstrous moonshine conjecture of Conway-Norton. Curiously, we find a number of Ramanu- 
jan’s mock theta functions appearing as McKay- Thompson series. A new feature not apparent 
in the monstrous case is a property which allows us to predict the fields of definition of certain 
homogeneous submodules for the groups involved. For four of the groups in our system we find 
analogues of both the classical McKay correspondence and McKay's monstrous Dynkin diagram 


observation manifesting simultaneously and compatibly. 
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1 Introduction 


The term monstrous moonshine was coined by Conway [1] in order to describe the unexpected 
and mysterious connections between the representation theory of the largest sporadic group—the 
Fischer-Griess monster, M—and modular functions that stemmed from McKay’s observation 
that 196883 + 1 = 196884, where the summands on the left are degrees of irreducible represen- 
tations of M and the number on the right is the coefficient of q in the Fourier expansion of the 


elliptic modular invariant 


I(r) = Y a(m)q" = q^! + 196884q + 214937604? + 8642999709? +---.. (1.1) 


m>-—1 


Thompson expanded upon McKay’s observation in and conjectured the existence of an 


infinite-dimensional monster module 
V = $ Vn (1.2) 
m>-—1 


with dim Vm = a(m) for all m. He also proposed [3] to consider the series, now known as 


McKay-Thompson series, given by 


Ta(r)= >> tv, (g) a" (1.3) 
m>-—1 
for g € M, and detailed explorations [I] by Conway—Norton led to the astonishing moonshine 


conjecture: 
For each g € M the function T; is a principal modulus for some genus zero group Iç. 


(A discrete group Ú < PSL2(R) is said to have genus zero if the Riemann surface TH is 
isomorphic to the Riemann sphere minus finitely many points, and a holomorphic function f on 
H is called a principal modulus for a genus zero group I if it generates the field of T-invariant 
functions on H.) 

Thompson’s conjecture was verified by Atkin, Fong and Smith (cf. [4] [5]). A more con- 
structive verification was obtained by Frenkel-Lepowsky-Meurman [6] [7] with the explicit con- 
struction of a monster module V = V! with graded dimension given by the Fourier expansion 
(1.1) of the elliptic modular invariant. They used vertex operators—structures originating in 
the dual resonance theory of particle physics and finding contemporaneous application [8] [9] to 
affine Lie algebras—to recover the non-associative Griess algebra structure (developed in the 


first proof of the existence of the monster) from a subspace of V^. Borcherds found a way 


UMBRAL MOONSHINE 


to attach vertex operators to every element of V! and determined the precise sense in which 
these operators could be given a commutative associative composition law, and thus arrived at 
the notion of vertex algebra [11], an axiomatisation of the operator product expansion of chiral 
conformal field theory. The closely related notion of verter operator algebra (VOA) was subse- 
quently introduced by Frenkel-Lepowsky-Meurman and they established that the monster 
is precisely the group of automorphisms of a VOA structure on Vš; the Frenkel-Lepowsky- 
Meurman construction of V* would ultimately prove to furnish the first example of an orbifold 
conformal field theory. 

Borcherds introduced the notion of generalised Kac-Moody algebra in [13] and by using the 
VOA structure on V? was able to construct a particular example—the monster Lie algebra—and 
use the corresponding equivariant denominator identities to arrive at a proof [14] of the Conway- 
Norton moonshine conjectures. Thus by 1992 monstrous moonshine had already become a 
phenomenon encompassing elements of finite group theory, modular forms, vertex algebras and 
generalised Kac-Moody algebras, as well as aspects of conformal field theory and string theory. 

Recently Eguchi-Ooguri- Tachikawa have presented evidence [15] for a new kind of moonshine 
involving the elliptic genus of K3 surfaces (the elliptic genus is a topological invariant and 
therefore independent of the choice of K3 surface) and the largest Mathieu group Maa (cf. 83.1). 
This connection between 3 surfaces and M24 becomes apparent only after decomposing the 
elliptic genus into characters of the N = 4 superconformal algebra (cf. [07] [8]. This 
decomposition process (cf. reveals the presence of a mock modular form of weight 1/2 (cf. 
q2.1] satisfying 

00 


HOM (T) = Y P (n - 1/8)qr- V8 = 2 9 (—1.-F 45g + 231g? + 770g? + 22779 +---) (1.4) 


n=0 


and one recognises here the dimensions of several irreducible representations of Maz (cf. Table 


[8). 
One is soon led to follow the path forged by Thompson in the case of the monster: to suspect 


the existence of a graded infinite-dimensional M34-module 
oy c. T (2) 
ko = X n (1.5) 
n=0 


with dim aT = c) (n — 1/8) for n > 1, and to study the analogues He? of the monstrous 

McKay-Thompson series obtained by replacing c? (n — 1/8) = dim 1 5 with trio (g) 
n—1/8 

in (L4). This idea has been implemented successfully in [19] [20] [21] [22] and provides strong 
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evidence for the existence of such an M»54-module K (2) A proof of the existence of K (2) has now 
been established in [23] although no explicit construction is yet known. In particular there is as 
yet no known analogue of the vertex operator algebra structure which conjecturally characterises 
[12] the monster module V*. 

The strong evidence in support of the M24 analogue of Thompson’s conjecture invites us to 
consider the M24 analogue of the Conway-Norton moonshine conjectures—this will justify the 
use of the term moonshine in the M»4 setting—except that it is not immediately obvious what 
the analogue should be. Whilst the McKay- Thompson series HP is a mock modular form of 
weight 1/2 on some I'; < SL2(Z) for every g in Mas [22], it is not the case that L is a genus 
zero group for every g, and even if it were, there is no obvious sense in which one mock modular 
form of weight 1/2 on some group can “generate” all the others, and thus no obvious analogue 
of the principal modulus property. 

A solution to this problem—the formulation of the moonshine conjecture for M>4—was found 
in [24] (see also 85.2) via an extension of the program that was initiated in [25]; the antecedents 
of which include Rademacher’s pioneering work [26] on the elliptic modular invariant J(7), 
quantum gravity in three dimensions [29], the AdS/CFT correspondence in physics 
[32], and the application of Rademacher sums to these and other settings in string 
theory (and in particular [40]). To explain the formulation of the 
moonshine conjecture for M24 we recall that in a Rademacher sum Rp(rT) is defined for 
each discrete group T < PSL2(R) commensurable with the modular group in such a way as 
to naturally generalise Rademacher’s Poincaré series-like expression for the elliptic modular 
invariant derived in [26]. It is then shown in [25] that a holomorphic function on the upper-half 
plane (with invariance group commensurable with PSL2(Z)) is the principal modulus for its 
invariance group if and only if it coincides with the Rademacher sum attached to this group. 


Thus the genus property of monstrous moonshine may be reformulated: 

For each g in M we have Ty = Rp, where I’, is the invariance group of Ty. 
Write RO to indicate a weight 1/2 generalisation of the (weight 0) Rademacher sum construction 
Rr studied in [25]. (Note that a choice of multiplier system on I is also required.) Then a natural 
M»4-analogue of the Conway-Norton moonshine conjecture comes into view: 

For each g in M24 we have HY? = RED where I, is the invariance group of HY). 
This statement is confirmed in [24] for the functions HP that are, at this point, conjecturally 
attached to Mə4 via the conjectural Mə4-module K (2). 


Through these results we come to envisage the possibility that both monstrous moonshine 


and the Mg, observation of Eguchi-Ooguri- Tachikawa will eventually be understood as aspects 
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of one underlying structure which will include finite groups, various kinds of automorphic forms, 
extended algebras and string theory, and will quite possibly be formulated in terms of the 
AdS/CFT correspondence in the context of some higher-dimensional string or gravitational 
theory. 

In fact we can expect this moonshine structure to encompass more groups beyond the monster 
and M34: In this paper we identify the M24 observation as one of a family of correspondences 
between finite groups and (vector-valued) mock modular forms, with each member in the family 
admitting a natural analogue of the Conway-Norton moonshine conjecture according to the 
philosophy of [24] (see also [41]). For each £ in A = {2,3,4,5,7,13}—the set of positive 


(0), a finite 


integers £ such that £ — 1 divides 12—we identify a distinguished Jacobi form Z 
group G) and a family of vector-valued mock modular forms HO? for g € G®. The Jacobi 
forms Z) satisfy an extremal condition formulated in terms of unitary irreducible characters 
of the N = 4 superconformal algebra (cf. §2.5), the mock modular form H“ = HL? is related 
to Z as HO) is to the elliptic genus of a K3 surface (cf. 812.4[2.5), the Fourier coefficients 
of the McKay-Thompson series HY? support the existence of an infinite-dimensional graded 
module K for G playing a rôle analogous to that of K (2) for G®) ~ Mas (cf. $5.1), and the 
following umbral moonshine conjecture is predicted to hold where RO is an (£— 1)-vector-valued 
generalisation (cf. of the Rademacher sum construction ne studied in [24]. 


For each g in G we have HY? = RE where I’, is the invariance group of H, e 


In addition to the above properties with monstrous analogues we find the following new dis- 
criminant property: The exponents of the powers of q having non-vanishing coefficient in the 
Fourier development of H(? determine certain imaginary quadratic number fields and predict 
the existence of dual pairs of irreducible representations of G that are defined over these 
fields and irreducible over C. Moreover, these dual pairs consistently appear as irreducible 
constituents in homogeneous G“-submodules of KW in such a way that the degree of the 
submodule determines the discriminant of the corresponding quadratic field (cf. 845.4). 

A main result of this paper is Theorem [2.2] which states that the extremal condition for- 
mulated in 82.5] characterises the Jacobi forms Z(? for £ € (2,3,4,5, 7,13). To achieve this 
we establish a result of independent interest, which also serves to illustrate the depth of the 
characterisation problem: We show in Theorem [2.3]that the existence of an extremal Jacobi of 
index m — 1 implies the vanishing of L(f,1) for all new forms f of weight 2 and level m, where 
L(f,s) is the Dirichlet series naturally attached to f. According to the Birch-Swinnerton-Dyer 
conjecture the vanishing of L(f, 1) implies that the elliptic curve Ey, attached to f by Eichler- 


Shimura theory, has rational points of infinite order. Thus it is extremely unexpected that an 
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extremal Jacobi form can exist for all but finitely many values of m, and using estimates 
due to Ellenberg together with some explicit computations we are able to verify that the only 
possible values are those for which no non-zero weight 2 forms exist; i.e. Po(m) has genus zero. 
The last step in our proof of Theorem [2.2] is to check the finitely many corresponding finite 
dimensional spaces of Jacobi forms, for which useful bases have been determined by Gritsenko 
in [43]. In this we way obtain that the Z for f € (2,3,4,5, 7, 13) are precisely the unique, up 
to scale, weak Jacobi forms of weight zero satisfying the extremal condition (2.37). 

In contrast to the monstrous case the McKay- Thompson series HY? arising here are mock 
modular forms, and these are typically not in fact modular but become so after completion with 


) for 


respect to a shadow function si), It turns out that all the McKay- Thompson series HE 
fixed £ € A have shadows that are (essentially) proportional to a single vector-valued unary 
theta function S (cf. and so it is in a sense the six moonlight shadows S for £ € A 
that provide the irreducible information required to uncover the structure that we reveal in this 
paper. We therefore refer to the phenomena investigated here as umbral moonshine. 

According to the Oxford English Dictionary, a flame or light that is lambent is playing 
“lightly upon or gliding over a surface without burning it, like a ‘tongue of fire’; shining with a 
soft clear light and without fierce heat.” And since the light of umbral moonshine is apparently 
of this nature, we call the six values in A = {2,3,4,5,7,13} lambent, and we refer to the index 
L € A as the lambency of the connections relating the umbral group GO to the umbral forms 
Z and H(^. 

The rest of this paper is organised as follows. In {2] we discuss properties of Jacobi forms, 
Siegel forms, mock modular forms and mock theta functions. We explain two closely related 
ways in which Jacobi forms determine mock modular forms, one involving the decomposition 
into characters of the N = 4 superconformal algebra and the other involving a decomposition of 
meromorphic Jacobi forms into mock modular forms following and [45]. In $2.5]we introduce 
the Jacobi forms Z of weight 0 and index /— 1 for lambent £ and their associated vector-valued 


(0, We prove (Theorem 22.2) that these functions are characterized by 


mock modular forms H 
the extremal property (2.37) and we establish the connection (Theorem[.6) to critical values of 
automorphic L-functions. We note that the coefficients in the q-expansions of the mock modular 
forms H(% appear to be connected to the dimensions of irreducible representations of groups 
G which we introduce and study in 83] In §§3.5[3.6]we discuss the remarkable fact that some of 
these groups manifest both the McKay correspondence relating ADE Dynkin diagrams to finite 
subgroups of SU(2) as well as a generalisation of his monstrous Es observation. In {4]we discuss 
analytic properties of the McKay Thompson series H which are obtained by twisting the mock 


modular forms H by elements g € GV. We determine the proposed McKay-Thompson series 
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H 0 = ( KEY precisely in terms of modular forms of weight 2 for all but a few g occurring for í € 
{7,13}, and we find that we can identify many of the component functions H (D either with ratios 
of products of eta functions or with classical mock theta functions introduced by Ramanujan (and 
others). In $5] we collect our observations into a set of conjectures. These include the analogue 
of Thompson's conjecture (cf. 85.1), the umbral counterpart to the Conway-Norton moonshine 
conjecture (cf. 15.2), and a precise formulation of the discriminant property mentioned above 
(cf. §5.4). In $5.5] we mention some possible connections between our results, the geometry of 
complex surfaces, and string theory. 

Our conventions for modular forms appear in JA] the character tables of the umbral groups 
G) appear in tables of Fourier coefficients of low degree for all the proposed McKay- 
Thompson series HO appear in and tables describing the G(Ó-module structures implied 
(for low degree) by the H (D are collected in TD] 

It is important to mention that much of the data presented in the tables of IC] was first 
derived using certain vector-valued generalisations of the Rademacher sum construction that was 
applied to the functions of monstrous moonshine in [25], and in [24] to the functions attached 
to Mə4 via the observation of Eguchi-Ooguri-Tachikawa. In particular, these vector-valued 
Rademacher sums played an indispensable rôle in helping us arrive at the groups G) specified 
in 83| especially for £ > 3, and also allowed us to formulate and test hypotheses regarding 
the modularity of the (vector-valued) functions H. 9, including eta product expressions and the 
occurrences of classical mock theta functions; considerations which ultimately developed into 
the discussion of JA] A detailed discussion of the Rademacher construction is beyond the scope 
of this article but a full treatment is to be the focus of forthcoming work. The fact that the 
Rademacher sum approach proved so powerful may be taken as strong evidence in support of 


the umbral moonshine conjecture, Conjecture 


2 Automorphic Forms 


In this section we discuss the modular objects that play a rôle in the connection between mock 
modular forms and finite groups that we will develop later in the paper. We also establish our 
notation and describe various relationships between Jacobi forms, theta functions, and vector- 
valued mock modular forms, including mock theta functions. 


In what follows we take 7 in the upper half-plane H and z € C, and adopt the shorthand 
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notation e(x) = e?"'*, We also define q = e(7) and y = e(z) and write 


b a b 
yr = ias , y= € SL2(Z) (2.1) 
cT +d e d 


for the natural action of SL2(Z) on H and 


y(r, z) = — - ) (2.2) 


cT + d' er + d 


for the action of SL2(Z) on H x C. 


2.1 Mock Modular Forms 


Mock theta functions were first introduced in 1920 by S. Ramanujan in his last letter to Hardy. 
'This letter contained 17 examples divided into four of order 3, ten of order 5 and three of order 
7. Ramanujan did not define what he meant by the term order and to this day there seems to be 
no universally agreed upon definition. In this paper we use the term order only as a historical 
label. Ramanujan wrote his mock theta functions as what he termed “Eulerian series" that 
today would be recognised as specialisations of g-hypergeometric series. A well studied example 
is the order 3 mock theta function 


n? oo 2 


Z 7 q = = — 
fe -1* AAA AER Pel 


where we have introduced the q-Pochhammer symbol 


n—1 


(a; 9) = [[Q — a4"). (2.4) 
k=0 

Interest in and applications of mock theta functions has burgeoned during the last decade 
following the work of Zwegers who found an intrinsic definition of mock theta functions and 
their near modular behavior, and many applications of his work can be found in combinatorics 
[17], characters of infinite-dimensional Lie superalgebras [19], topological field theory 
[50] [51] [D2] [53], the computation of quantum invariants of three-dimensional manifolds [54], and 
the counting of black hole states in string theory |45|. Descriptions of this breakthrough and 

some of the history of mock theta functions can be found in [55], and [57]. 
Mock theta function are now understood as a special case of more general objects known as 


mock modular forms. A holomorphic function A(T) on H is called a (weakly holomorphic) mock 


10 


UMBRAL MOONSHINE 


modular form of weight k for a discrete group T' (e.g. a congruence subgroup of SL2(Z)) if it has 
at most exponential growth as 7 — a for any a € Q, and if there exists a holomorphic modular 


form f(T) of weight 2 — k on T such that the completion of h given by 


Á(r) = hr) + (43 J E Lm (2.5) 
E 
is a (non-holomorphic) modular form of weight k for P for some multiplier system y say. In 
this case the function f is called the shadow of the mock modular form h. Even though h is 
not a modular form, it is common practice to call v the multiplier system of h. One can show 
that v is the conjugate of the multiplier system of f. In most of the examples in this paper 
we will deal with vector-valued mock modular forms so that the completion in fact transforms 
as v(y)h(yr)(er + d)-* = h(r) in case the weight is k for all y = (%4) € T where v is a 
matrix-valued function on I. 

The completion h(r) satisfies interesting differential equations. For instance, completions 
of mock modular forms were identified as weak Maass forms (non-holomorphic modular forms 
which are eigenfunctions of the Laplace operator) in as a part of their solution to the 


longstanding Andrews—Dragonette conjecture. Note that we have the identity 


are QAO) = —2nif(T) (2.6) 


when f is the shadow of h. 

Thanks to Zweger’s work we may define a mock theta function to be a q-series h = >, anq” 
such that for some À € Q the assignment T — Plis defines a mock modular form of weight 
1/2 whose shadow is a unary (i.e. attached to a quadratic form in one variable) theta series of 
weight 3/2. 

In this paper we add one more róle for mock theta functions to the list mentioned earlier; 
namely we conjecture that specific sets of mock theta functions appear as McKay- Thompson 
series associated to (also conjectural) infinite-dimensional modules for a sequence of groups G(? 
which we refer to as the umbral groups and label by the lambent integers £ € A = (2,3,4,5, 7,13), 
which are just those positive integers that are one greater than a divisor of 12. 

Many of the mock theta functions that appear later in this paper appear either in Ramanu- 
jan's last letter to Hardy or in his lost notebook [58]. These include an order 2 mock theta 


function 


Ti 
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and an order 8 mock theta function 
ad). 
Vola) = 3, (2.8) 


both of which appear at lambency 2 in connection with G(2 ~ M»4. The function f(q) of (23) 
together with 


oo n? 
q 
digi e Le E 
e Leg T ges Leg) 
oo 2 
q" 
=1+ A 2-7 777 
Ue» == d dl 
way = — 21 ~73)2...(1 — n+l)? 
O ege) 
p(q) = Y eee 5 s 
I+q+q@)1+q@+q%)---(1+ qt! 4 qi?) 


n=0 


constitute five order 3 mock theta functions appearing at lambency 3, and the four order 10 


mock theta functions 


oo n(n+1)/2 
q 
io (q) = 
1o 2 (q; nj 
° (n+1)(n+2)/2 
q 
vol) - 2, (9597 )n41 
se eae (2.10) 
—1)"q" 
x = 
(a) > (—q;q)ən 
oo = nq (n +1)° 
x1o(a) = Y oi. 


(—q;iq)2n+1 


n=0 


appear at lambency 5. 


More mock theta functions were found later by others. At lambency 4 we will encounter 
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order 8 mock theta functions discussed in with q-expansions 


n(n+2) (q, q2), 
BED 
So DO 


(2.11) 
g"+D(n+2) ( 


—-q^;q?), 
m oma: 
"m 44% 


It is curious to note that the order is divisible by the lambency in each example. 


2.2 Jacobi Forms 


We now discuss Jacobi forms following [60]. We say a holomorphic function % : H x C > C is an 
unrestricted Jacobi form of weight k and index m for SL2(Z) if it transforms under the Jacobi 


group SL2(Z) x Z? as 


$(rz) = (cr +d) “em 3) olr, z)) (2.12) 
e(m(A?r + 2Az)) é(T, z + Ar + u) (2.13) 


AS 

a 

u 
I 


where y € SL2(Z) and A,u € Z. In what follows we refer to the transformations (2.12) and 
(2.13) as the modular and elliptic transformations, respectively. The invariance of ó(r, z) under 


T>T+land z — z + 1 implies a Fourier expansion 


@(T,z) = 5 c(n, r)q" y" (2.14) 
n,reZ 

and the elliptic transformation can be used to show that c(n, r) depends only on the discriminant 
r? — Amn and r mod 2m, and so we have c(n, r) = C(r? — Amn, F) for some function D > C(D, F) 
where 7 € (—m,...,m — 1), for example. An unrestricted Jacobi form is called a weak Jacobi 
form, a, (strong) Jacobi form, or a Jacobi cusp form according as the Fourier coefficients satisfy 
c(n,r) = 0 whenever n < 0, C(D,7) = 0 whenever D > 0, or C(D,F) = 0 whenever D > 0, 
respectively. In a slight departure from we denote the space of weak Jacobi forms of weight 
k and index m by Jk,m. 


In what follows we will need two further generalisations of the above definitions. The first 
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is straightforward and replaces SL2(Z) by a finite index subgroup I C SL2(Z) in the modular 
transformation law. The second is more subtle and leads to meromorphic Jacobi forms which 
obey the modular and elliptic transformation laws but are such that the functions z +> ¢(r, z) 
are allowed to have poles lying at values of z € C that map to torsion points of the elliptic curve 
C/(Zr + Z). Our treatment of meromorphic Jacobi forms follows and [45]. 

A property of (weak) Jacobi forms that will be important for us later is that they admit an 


expansion in terms of the index m theta functions, 


ec (m, z) = 5 gi2mntr)?/4my2mntr (2.15) 
ncz 
given by 
$nz2-2 Y Amen) (2.16) 
r(mod 2m) 
in case the index of @ is m, where the theta-coefficients h, (r) constitute the components of a 
vector-valued modular form of weight k — 1/2 when k is the weight of ¢. Recall that a vector 


valued function h = (hy) is called a vector-valued modular form of weight k for T c SL2(Z) if 
" 1 - 
h.(T) = —— rs(V) Ns 2.17 
On (2.17) 


for all y € I and 7 € H for some matrix-valued function v = (vrs) on T called the multiplier 
system for h. 

The modular transformation law with y = —12 implies that $(r, —z) = (—1)*(r, z). 
Combining this with the identity 89 (7, z) = ol” (r, —z) we see that h,(r) = (—1)*h_,(r) 
and in particular we can recover a weak Jacobi form of weight k and index m from the m — 1 
theta-coefficients (hi, ee hm} in case k is odd. 

In what follows we will encounter only weight 0 and weight 1 Jacobi forms; a typical such 
form will be denoted by ¢(r, z) or v(r, z) according as the weight is 0 or 1 and we will write the 


theta-expansion of a weight 1 Jacobi form % as 
plr z) = Y he (7) 60" (v, z) (2.18) 


where 6°" (r, z) = 9) (r, 2) — 08 (7, z) (cf. -T5)) for r € {1,2,--- ,m—- 1). 


14 


UMBRAL MOONSHINE 


2.3 Meromorphic Jacobi Forms 


We now explain a connection between the vector-valued mock modular forms we shall consider in 
this paper and meromorphic Jacobi forms. We specialize our discussion to weight 1 meromorphic 
Jacobi forms of a particular form that arise in our pairing of Jacobi forms with groups G(?, and 
later in our computation of McKay- Thompson series; namely, we consider meromorphic weight 


1 and index m Jacobi forms which can be written as 
wT, x) m V; 1(7,2)0(r, z) (2.19) 


for some weight 0 index m — 1 (holomorphic) weak Jacobi form $ where Wy is the specific 


meromorphic Jacobi form of weight 1 and index 1 given by 


0,( 


7,22) n(7)3 eri 
(01 (7, 2))? 


Wi (7,2) = —i = 2 (4 -y a+. (2.20) 


We note that (7, z) has a simple pole at z = 0 with residue ó(7, 0)/zi. Since (7, z) is a weak 
Jacobi form of weight 0 the function 7 +> p(7, 0) is a modular form of weight 0 (with no poles 


at any cusps) and is hence equal to a constant; we denote this constant by 
x = (7,0). (2.21) 


It was shown by Zwegers that meromorphic Jacobi forms have a modified theta-expansion 
(cf. (2.16)) in terms of vector-valued mock modular forms; in [45] this expansion was recast as 


follows. Define the averaging operator 


Ayi™ [F| = y ga y2mk p(gky) (2.22) 
kez 


which takes a function of y = e(z) with polynomial growth and returns a function of z which 
transforms like an index m Jacobi form under the elliptic transformations (2.13). Now define 
the polar part of y = Yı 14 by 
1 
V (r, z) = xAv™ = (2.23) 
y— 


where x = ġ(7,0) and define the finite part of y by 


v (1, z) = W(t, z)- wr (r, z). (2.24) 
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The term finite is appropriate because with the polar part subtracted the finite part no longer 
has a pole at z = 0. 
It follows from the analysis in [45] that y” (r, z) is a weight 1 index m mock Jacobi form, 


meaning that it has a theta-expansion 
m—1 N 
v* (r, z) = >` OS (T, z) (2.25) 
plu 


(cf. (2.18)) where the theta-coefficients h, comprise the components of a vector-valued mock 
modular form of weight 1/2. 

In the above we have again used the fact that Y, Y? and hence also y? pick up a minus sign 
under the transformation z — —z. Moreover, the vector-valued mock modular forms obtained 


in this way always have shadow function given by the unary theta series 


So) (r) = — Zar, z) = (2mn + ryq mnr)” /Am. (2.26) 
2 


2=0 nez 


To see why this is so, and for later use, we introduce the functions 


(ya^) 23 + (ya) 2447 +... + (ygF) 123 


m ] mk? 2m 
ara ENYA =a 


keZ 


(2.27) 


for m a positive integer and 27 € (0,1,...,m— 1). Note that uw) (r, z) is proportional to the 
polar part of v», as identified in (2.23), 
m 1 
wh (r, z) = Av [EE]. (2.28) 
y—1 
Remark 2.1. The function pe?) is closely related to the Appell-Lerch sum p(t, z) which features 
prominently in [44]. 
The ur enjoy the following relation to the modular group SL2(Z). Define the completion 
of ue tr, z) by setting 


m-—1 


seis = m 1 1 la d pu TS 
m \(r,7,2) = ue (G2) m anys > al ea) | (z +7) 1/2 gf )(—z) dz. (2.29) 


Then ji) transforms like a Jacobi form of weight 1 and index m for SL2(Z) but is not holo- 
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morphic. Therefore, from the transformation of the polar part 


V (T, z) = xui (T, z) (2.30) 


we see that the shadow of h = (h,.) is given by xS"? = (xs£™®), as we claimed. This means 
that the vector-valued mock modular forms arising in this way are closely related to mock theta 
functions: By the definition given in 82.1] we have h,(7) = q^M, for some À € Q with M, a 


mock theta function. 


2.4 Superconformal Algebra 


In {2.3]we saw how to associate a vector-valued mock modular form (hr) to a weight 1 meromor- 
phic Jacobi form v satisfying y = Wi 19 for some weak Jacobi form % via the theta-expansion 
of the finite part of v. It will develop that the weight 0 forms % of relevance to us have a close 
relation to the representation theory of the 2-dimensional N = 4 superconformal algebra. To see 
this recall (cf. [16] [17] [18]) that this algebra contains subalgebras isomorphic to the affine Lie 
algebra sl. and the Virasoro algebra, and in a unitary representation the former of these acts 


with level m — 1, for some integer m > 1, and the latter with central charge c = 6(m — 1), and 


(m) 
0,3 


numbers h and j which are the eigenvalues of Lo and 4 Ji, respectively, when acting on the 


the unitary irreducible highest weight representations V, are labelled by the two quantum 
highest weight state. (We adopt a normalisation of the SU(2) current J? such that the zero 
mode Jj has integer eigenvalues.) In the Ramond sector of the superconformal algebra there 


are two types of highest weight representations: the massless (or BPS, supersymmetric) ones 


with h = == and j € {0,4,--- , *?—], and the massive (or non-BPS, non-supersymmetric 
4 2 2 y 
ones with h > %2 and j € [2,1,: , ==}. Their (Ramond) characters, defined as 
ch? (7,2) = tty eo ((-1) 8 | goo) , (2.31) 
oJ 


are given by 


che ir. 2) = (Via (5 2) u$ (7,2) (2.32) 
and 
7 di _ 2 Alm 
chi”) (7,2) = DIH (Cr, z)) 1 a re ps Nr, z) (2.33) 


in the massless and massive cases, respectively, where the function ur (T, z) is defined as 
in (227) and él” (7, z) is as in the sentence following (2.18). 


We can use the above results to derive a decomposition of an arbitrary weight 0 index m — 1 
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Jacobi form @(r, z) into N = 4 characters as follows. Set w(7, z) = W11(7, z)d(7, z) as in 


and write 


hr(T) = >` cr(n— r? /Am)g^-" /4m (2.34) 


TL 


for the Fourier expansion of the theta-coefficient h, of the finite part y" of y (cf. (2:25)). Then 


use (2.24), (2.25) and (2.30) along with (2.32) and (2.33) to obtain 


db =x can, it >` (DH a) (cn, + och"), ri + am, Es) 
? val 4 2 2 
- se (2.35) 
T rÊ? (m) 
+ 2 (—1) k `a —)ch Diny 


where x = ¢(7,0) is the constant such that xS"? is the shadow of h = (h,) (cf. 23). In 
deriving (2.35) we have used the relation 


r2 Lo 
UC + 2409) + pE = (yr e gb (2.36) 


T 
2 2 2 


subject to the understanding that uem = che, 170. 

One way a weak Jacobi form of with 0 and dades m — 1 having integer coefficients can 
arise in nature is as the elliptic genus of a 2-dimensional N — 4 superconformal field theory 
with central charge c — 6(m — 1). There is a unique weak Jacobi form of weight 0 and index 1 
up to scale and this (suitably scaled) turns out to be the elliptic genus of a superconformal field 
theory attached to a K3 surface. Then the above analysis at m = 2 recovers the mock modular 
form HC) (the vectors have m — 1 = 1 components in this case) exhibiting the connection to 
the Mathieu group M34 observed by Eguchi-Ooguri- Tachikawa in š 

In the next section we will construct a distinguished family of extremal weight 0 weak 
Jacobi forms 6“ (r, z) with corresponding vector-valued weight 1/2 mock modular forms HW (7) 
according to the procedure of In $3] we will specify finite groups G for which 
the forms H will serve as generating functions for the graded dimensions of conjectural bi- 


graded infinite-dimensional G(Ó-modules. 


2.5 Extremal Jacobi Forms 


In this section we identify the significance of the divisors of 12 from the point of view of the 


N = 4 superconformal algebra. We introduce the notion of an extremal (weak) Jacobi form 
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of weight 0 and integral index and we prove that the space Y NT of extremal forms with 
index m — 1 has dimension 1 if m — 1 divides 12, and has dimension 0 otherwise. Several of 
the extremal Jacobi forms we identify have appeared earlier in the literature in the context of 
studying decompositions of elliptic genera of Calabi-Yau manifolds [43] [61] [48] and in a recent 
study of the connection between black hole counting in superstring theory and mock modular 
forms [45]. 

For m a positive integer and % a weak Jacobi form with weight 0 and index m — 1 say % is 


extremal if it admits an expression 


p= ama och o, amas dae, k Y >` amat an A (2.37) 


for some an; € C (cf. (2.35)) where the N = 4 characters are as defined in and (2.33). 
Write di for the subspace of Jo,m—1 consisting of extremal weak Jacobi forms. Note that 
the extremal condition restricts both the massless and massive N = 4 representations that can 
im) with r? — 4mn > 0. 


L r 


£ S 
We observe here that the extremal condition has a very natural interpretation in terms of the 


appear, for generally there are non-zero massive characters ch 


mock modular forms of weight 1/2 attached to weak Jacobi forms of weight 0 via the procedure 
detailed in By comparing with we find that the condition on a weak Jacobi 
form @ of index m — 1 is equivalent to requiring that the corresponding vector-valued mock 
modular form (h,) obtained from the theta-expansion of the finite part of the weight 1 
Jacobi form y = V, 14 has a single polar term q in the first component hı and has all other 
components vanishing as 7 — too. 


Our main result in this section is the following characterisation of extremal Jacobi forms. 


xt 


Theorem 2.2. If m is a positive integer then dim Jj», ., = 1 in case m — 1 divides 12 and 


dim Jj, 1 = 0 otherwise. 


In preparation for the proof of Theorem [2.2] we now summarise (aspects of) a useful con- 


struction given in [43]. The graded ring 


Jo, = (D Jo,m—1 (2.38) 


mol 
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of (weak) Jacobi forms of weight 0 and integral index has an ideal 


Jola) = (Ja (q) = 46 € Jo | (7,2) = Y eln ray" (2.39) 
m>1 n,rcZ 
n>0 


consisting of Jacobi forms that vanish in the limit as 7 — ioo (i.e. have vanishing coefficient of 
q y”, for all r, in their Fourier development). This ideal is principal and generated by a weak 


Jacobi form of weight 0 and index 6 given by 
(2.40) 


(cf. FA] for 0, and y). Gritsenko shows [43] that for any positive integer m the quotient 
Jo,m—1/ Jo,m—1(q) is a vector space of dimension m — 1 admitting a basis consisting of weight 0 
index m — 1 weak Jacobi forms et (denoted er) in [43]) for 1 € n € m — 1 such that the 
coefficient of q0y* in oU" ) vanishes for |k| > n but does not vanish for |k| = n. In fact Gritsenko 
works in the subring JE , of Jacobi forms having integer Fourier coefficients and his yer) furnish 
a Z-basis for the Z-module J, /J£ (a). 


We show now that there are no non-zero extremal Jacobi forms in the ideal Jo,.(q). 


Lemma 2.3. If $ is an extremal weak Jacobi form belonging to Jo,x(q) then $ = 0. 


Proof. If ó belongs to Jo., (q) then the coefficients of q°y* in the Fourier development of ¢ vanish 
for all k. This implies the vanishing of a mci and a moll in where m — 1 is the index 
of @, and this in turn implies that the meromorphic Jacobi form y = V1.6 of weight 1 and 
index m coincides with its finite part y = v. = Y, ND (cf. (2:21), (2:23), (2:25)) and has 
theta-coefficients h, that remain bounded as 7 — ioo. In particular, w is a (strong) Jacobi form 
of weight 1 and integral index but the space of such forms vanishes according to [62], so $ must 


vanish also. O 


As a consequence of Lemma we obtain that there are no extremal Jacobi forms with 


vanishing massless contribution at spin j = 1/2. 


Lemma 2.4. If ọ is an extremal weak Jacobi form of index m — 1 such that Am 


then $ = 0. 


Proof. If ¢ is of weight 0 and index m — 1 satisfying (2.37) then g = a + b(y + y^!) + O(q) as 
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T — too where a = Amy and b= Zam- 1. Following we set 
p(r, z) = exp(-8n*(m — 1)G;(r)22)é(r, z) (2.41) 
where Go(r) = —ə + Y, 0 71(n)q” is the unique up to scale mock modular form of weight 


(7) 
2 for SL2(Z) (with shadow a constant function) and consider the Taylor expansion Ar, z)= 
Xn>o Jn(T)z”. Then fo(r) = x = a+ 2b and more generally f,(r) is a modular form of 
week n for SL2(Z). In particular f2(7) = 0. On the other hand the constant term of fa(7) 
is 377(m — 1)x — 4n”b so (m — 1)x = 12b. By hypothesis b = 0 so x = 0 and ¢ belongs to 


Jo,m-1(q) and thus vanishes according to Lemma [2.3] O 


Applying Lemma we obtain that the dimension of J¿%, 1 is at most 1 for any m. 
Proposition 2.5. We have dim diu < 1 for any positive integer m. 
Proof. If à' and ¢" are two elements of Jj» ., then there exists c € C such that ¢ = $' — co" 


is extremal and has vanishing am—1 1 in (2.37). Then ¢ = 0 according to Lemma [2.4]and thus 
9! belongs to the linear span of 9". m 


We now present a result which ultimately shows that there are only finitely many m for which 
dini Z {0}, and also illustrates the depth of the characterisation problem. In preparation 
for it let us write Sa(m) for the space of cusp forms of weight 2 for [o(m) and recall that 
f € S»(m) is called a newform if it is a Hecke eigenform, satisfying T(n)f = Ar(n)f whenever 
(n, m) = 1 for some Ar(n) € C, that is uniquely specified (up to scale) in S2(m) by its Hecke 
eigenvalues (Ay (m) | (n, m) = 1} (cf. SIX.7]).. Write 52*"(m) for the subspace of S5(m) 
spanned by newforms. Given f € S2(m) define L(f,s) = 7, y aj(n)jn”* for R(s) > 1 when 
Hr) = Maso aj(m)q”. Then L(f, s) is called the Dirichlet L-function attached to f and admits 
an analytic continuation to s € C (cf. [63] SIX.4] or [64] §3.6].) To a newform f in S;(m) (i.e. a 
Hecke eigenform in $3*" (m)) Eichler-Shimura theory attaches an Elliptic curve E; defined over 
Q (cf. [63] $X1.11]), and the Birch-Swinnerton-Dyer conjecture predicts that Ey has rational 
points of infinite order whenever L(f,s) vanishes at s — 1 (cf. [66]). 


Theorem 2.6. If m is a positive integer and Jj, 4 Z {0} then L(f,1) = 0 for every f € 
Sze" (m). 


Proof. Let m be a positive integer. For L = /2mZ the spaces HF, and S3_4,L- of [67] 83] are 
naturally isomorphic to Jk+1/2,m and ena kan respectively, where Jz, denotes the space of 


weak (pure) mock Jacobi forms of weight k and index m (cf. [45] §7.2]) and oe denotes the 
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space of cuspidal skew-holomorphic Jacobi forms of weight k and index m (cf. [68]). Translating 
the construction (3.9) of [67] into this language, and taking k = 1/2, we obtain a pairing 


fy: SS" x Jim 2 C. (2.42) 


If Je 4 # (0) then let ó € Jg? ., be a non-zero extremal Jacobi form and set Y = Yi 19 
as in 2.3] Then the finite part Y” of y belongs to Jı,m and the shadow of y” (cf. 87.2]) 
is the cuspidal skew-holomorphic Jacobi form xo"? € Sškew where x = ó(7,0) and 


2,m 


o) (r, z) = y sim) (ma (r, z). (2.43) 


r mod 2m 


Consider the linear functional Ag on oo defined by setting As(p) = {y, v). According to 
the definition of (2.42) (i.e. (3.9) of [67]) we have 


Ag(¥) = Cn (o, xo") (2.44) 


for some (non-zero) constant Cm (depending only on m) where (-,-) denotes the Petersson 
inner product on S35" (cf. [68]). On the other hand, inspection reveals that h+1(7) = 
Fama ag Im + O(q)) when y” => h, 6 so 


r mod 2m 


do(~) = —2am—1 1Cp(1,1) (2.45) 


i 
1 52 


according to Proposition 3.5 of [67] where p(r,z) = Y Cy (A, r)gA/ mqn Amar is the Fourier 
expansion of y (cf. [68]). Applying Lemma [2.4] we deduce from (2.45) that As(p) = 0 for 
p € SY if and only if C,(1, 1) = 0. 

Now let f be a newform in Sa(m). If A(f, s) = (21) -*?m?" T (s)L(f, s) then either A(f, s) = 
A(f,2—5) or A(f, s) = —A(f,2— s). In the latter case L(f, 1) necessarily vanishes. In the former 
case Theorem 1 of [69] attaches a skew-holomorphic Jacobi form yy € Be" to f having the 


same eigenvalues as f under the Hecke operators T(n) for (n, m) = 1. (See for the action of 


Hecke operators on skew-holmorphic Jacobi forms.) Here or denotes the subspace of BS 


skew 
2,m 


spanned by cuspidal Hecke eigenforms which are not of the trivial type: say v € S is of 
the trivial type if the Fourier coefficients C¿(A,r) are non-vanishing only when A is a perfect 
square. Cusp forms of the trivial type are orthogonal to Tou with respect to the Petersson 
inner product (cf. the proof of Theorem 3 in [69]) and o"? is a cusp form of the trivial type, 


so we have Ag(py) = 0 by virtue of (2.44) and hence C, (1,1) = 0 according to the previous 
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paragraph. The proposition now follows by taking (A,r) = (1,1) in the formula at the bottom 
of p. 503 of [68]. O 


Applying Theorem[2.6]we see, for example, that there are no non-zero extremal Jacobi forms 
of index 10, for it is known that L(f,1) 4 0 for f = n(r)?n(117)? e S2(11). (Cf. p. 504] 
where the corresponding Jacobi form yy is computed explicitly.) 

Duke showed that there is a constant C such that at least Cm/log? m newforms f € 
Sa(m) satisfy L(f,1) 4 0 when m is a sufficiently large prime, and Ellenberg proved an effective 
version of this result that is valid also for composite m. We will apply the formulas of 
Ellenberg momentarily in order to deduce an upper bound on the m for which dl # {0}, 
but since these formulas give better results for values of m with fewer divisors we first show that 
died must vanish whenever m is divisible by more than one prime, and whenever m — p" is 
a prime power with v > 2. 


Proposition 2.7. If m is divisible by more than one prime then Jj, = {0}. 


Proof. Suppose that m = p"d with p prime, v > 0, d > 1 and (p,d) = 1. With notation as in 
the proof of Theorem we suppose % € Ji mi is non-zero and consider the linear functional 
As : 95%" — C. The Atkin-Lehner involution W, (cf. §4.4]) acts on 5359" in such a way 
that 


(Wye p)(7,2)= Y] gr (70k (r, z) (2.46) 


r mod 2m 


—A (m) 


when p= >, mod 2m gr 
is defined so that r* is the unique solution (mod 2m) to r*  —r (mod 2p") and r* = r 


(mod 2d). 
By the definition of Ay we have Ag(y) = (9, ) = XY, (gr, SU) with p as above since the 
shadow of yf is xo"? = x$, SE” Taking y = Wpxo™) we see that Ay(Wpxo™) = 


is the theta-decomposition of y € 555?" and where the map r > r* 


AE, Se" is not zero according to the computation 


(m) m 1 
(Si „S ) = PLEX: (Gray (mod 2m) — Örs r (mod 2m)) (2.47) 


which can be obtained using the Rankin-Selberg formula. (Cf., e.g., (3.15) of [45]. A very similar 
computation is carried out in Proposition 10.2 of [45].) On the other hand for y = W,xo™) 
we have C,,(1,1) = 0 since r* £ +1 (mod 2m) for r = +1 (mod 2m), and Sk) = O(g) 
for r Z +1 (mod 2m). So Ag(Wpxo™) = 0 in light of (2.45). This contradiction proves the 


claim. O 
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Proposition 2.8. If m is a prime power m = p" and v > 2 then Jg: {0}. 


,m—1 — 


Proof. The proof is very similar to that of Proposition [2.7] computing A¿(p) two ways using 
(222) and (2:45), but taking now p(r,2) = oP) (r, p^z) or p(r,z) = o? (r, pz) according as 
v =2u +1 orv — 24 4-2 with y > 0. The transformation y(t, z) + p(r,tz) maps Jacobi forms 
of index m to Jacobi forms of index t?m, and is one of the Hecke-like operators of [45] 84.4]. We 
D da 


leave the remaining details—the expression of y in terms of sem) and , and an application 


of (2.17) —to the reader. O 


We require one more result in advance of the proof of Theorem 


Lemma 2.9. If m = p? for some prime p and there exists a newform f € Sa(p) with L(f,1) 40 
then A cd = (0). 


Proof. Let m, p and f € Sa(p) be as in the statement of the lemma. Then, as in the proof of 
Theorem [2.6] there exists a uniquely determined o; € PS?" with the same Hecke eigenvalues 
as f according to the results of [68] [69], and since L(f,1) Z 0 we have C, (1,1) Z 0. Now set 
py = @r/|V, where V, is the Hecke-like operator (cf. (4.37)]) that maps Jacobi forms of 


index m to forms of index pm, and whose action is given explicitly by 


Ar 
Colv, (A,r) = 5 dC, E r) (2.48) 
A-r? 
a (Agno) 
in our special that p = skew wh = A. r)g4/4Pgr?/4Py" is th i 
pecial case that y = yy € J55" when e = > G, (A,r)4 q y” is the Fourier 
expansion of ç. 


To prove that J^, , = 


{0} suppose that ¢ is a non-zero extremal form of index m—1 = p?—1 
and consider the functional Aj : Seer — C constructed in the proof of Theorem [2.6] Since 
C, (1,1) Z 0 we have C; (1,1) Z 0 according to (2.48). So As (v/;) Z 0 thanks to and 
Lemma[2.4] On the other hand the Hecke-like operator V; commutes with all Hecke operators 
T (n) (with, in our case, (n, p) = 1) and so restricts to a map Pj" > D. Thus py is a 
Hecke-eigenform in PAS and we have Ao (o) = 0 by virtue of (2.44) and the fact that P is 


orthogonal to the cusp form c 9^ of the trivial type. This contradiction completes the proof. O 


Proof of Theorem[2.2] We have that dim J5%r, 1 < 1 for all m according to Proposition[2.5] and 
dim Jg ., = 0 unless m = p or m = p? for some prime p by virtue of Propositions[2.7] and [2.8] 


Applying Theorem 1 of [42] with o = 13/257, for example, shows that some f € 52*" (p) satisfies 
L(f,1) 0 whenever p is a prime greater than or equal to 3001. The tables of arithmetic data 
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on newforms posted at give the non-vanishing or otherwise for every newform of level up 
to 5134, and inspecting the entries for the 430 prime levels less than 3000 we see that So(p) 
has a newform f with L(f,1) 4 0 for every prime p so long as S2(p) has a newform. We have 
Sh°w(p) = S»(p) = {0} just when p € {2,3,5,7,13}, so we conclude from Theorem [2.6] that 
Jo, 1 = {0} for every prime m = p such that p— 1 does not divide 12. Also, we conclude from 
Lemma[2:9]that Jd = {0} whenever m = p? is the square of a prime and p— 1 does not divide 
12. We inspect the tables of [71] again to find newforms with non-vanishing critical central value 
at levels 7? = 49 and 13? = 169, and apply Theorem [2.6]to conclude J6%s = Jes = (0). 

So we now require to determine the dimension of Jj, , for m € (2,3,4,5,7,9,13,25], 
which are the primes and squares of primes m for which S2(m) = {0}. For this we utilise the 
basis mu y for Jo,» determined by Gritsenko [43], and discussed, briefly, a the pe 
of Theorem 2.2] above. In more detail, the ring Jo.» is finitely generated, by oO 3 oe ) and pl 


where 


pP —4(2 734+ 2), 
eo 2019. qp, (2.49) 
D = 427202, 


and f;(r, z) = 0i(T, z)/0i(T, 0) for i € {2, 3, 4} (cf. {A.2). If we work over Z then we must include 


A 


1 
o _ i (ee? E Gy") (2.50) 


as a generator also, so that Jj, = Zp, er gy”, o0). Following we define 


if 
er =e? (AY, 


e = go — quy, (2.51) 
A = yp AP, 


and define gy” for the remaining positive integers m according to the following recursive pro- 


cedure. For (12,m — 1) = 1 and m > 5 we set 
m m— m-— m-— 4 
QU? = (12,om — 5e" Yo + (12,m — 3907990) — 2(12,m — 499 59, — (2.52) 
For (12, m — 1) = 2 and m > 10 we set 


m 1 m= m— m= 
of ) = s ((2, m — 5h” AS + (12,m — 3J — 202, m — 490779 p). (2.53) 
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For (12, m — 1) = 3 and m > 9 we set 


m 2 m—3 
ol”) = =(12,m— 4l 


_2 (4) 
3 


1 m— Y m-— 
ph” + g2,m- Tet" "ej - Q2,m- S)et" Pei. (2.54) 
For (12, m — 1) = 4 and m > 16 we set 


m 1 m— m— m— 
et ) = + ((12,m - 13)p1 1 et ^ (1m — by ui? = (2 m = 9) a (2.55) 


For (12, m — 1) = 6 and m > 18 we set 


m m— 1 m-— 1 m— 
e$? = s (12,m — 4e" Mo! + < (12,m— T)ej" ui? — zü2,m - 5)et" Per. (2.56) 


1 
3 
Finally, for (12, m — 1) = 12 and m > 24 we sel] 
m 1 m-—3 4 1 m—4 5 1 m—6 7 
gi = s (12,m AA — F(12,m — )ei" Mey) + I (12,m — Tey" gy”. (2.57) 


The oh” are defined by setting 
3 2 3 
o = (ey? — 2420, 
eh? = op? — 180, (2.58) 


e = po — 16 99. 


and 


m m— m—4 m 
ph”) = 12,m — 4) pl" Po — (12, m — 8)et" pP — (12, m — 1)et?? (2.59) 


for m > 5, and the remaining yh” for 2 < m < 25 are given by 


m ma 4 
pl ) = pin ®t a 
ets = PP, (2.60) 


m 2)\m— 
ee = (el h E 


where the first equation of (2.60) holds for 3 € n € m — 3. 


Next we calculate that gy” defines a non-zero element of Jj, , when m — 1 divides 12, 


so dim Jj, 1 = 1 for m € {2,3,4,5,7,13}, and it remains to show that Je% {0} for m € 


,m-—1 — 


{9,25}. To do this we first observe that a weight zero form with vanishing Fourier coefficients 


¿Our expression gives one possible correction for a small error in the last line on p. 10 of [43]. 
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of q°y* for |k| > 1 necessarily has the form 


LZ] m—6i—1 
Co,1 oU + 5 5 Ci j oe (2.61) 
i=1 j=l 


for some c;; € C. One has to show that the only such linear combination satisfying the 
extremal condition (2.37) necessarily has cj; = 0 for all i,j (including (i,j) = (0,1)). An 
explicit inspection of the coefficients of terms qu” with r? — 4mn > 0 for n = 1,2,3,4 is 
sufficient to establish that dim Jg, , = 0 when m = 9. For m = 25 we notice that there 
are at least as many possible polar terms in the above sum as the number of parameters c; ;. 
Indeed, by explicitly solving the system of linear equations we find that there is no accidental 
cancellation and the only solution to that also satisfies the extremal condition is 
zero. In this way we conclude that there is no solution to (2.37) in Jom-1 for m € (9,25). This 


completes the proof of the Theorem. O 


The quantity Z? (r, z) = 200 (T, z) is equal to the elliptic genus of a(ny) K3 surface and 
the factor of two relating Z) to yp?) is required in the K3/Mə4 connection in order for the 
mock modular form H® = (H(?) derived from ZG) to have coefficients compatible with an 
interpretation as dimensions of representations of M34 for which the corresponding McKay- 
Thompson series H. (2) have integer Fourier coefficients. Inspired by this we define the umbral 


Jacobi forms 
ZO (v, z) = 29 (r, 2) (2.62) 


for £ € A = {2,3,4,5,7,13}. We also set y to be the constant Z(%(7,0) and find that 
x0) = 24/(£ — 1) for all £ € A. 

Remark 2.10. The identity (m — 1)x = 12b for 4 = a -- b(y + +) + O(q) established in Lemma 
[2.4]shows that there is no such Jacobi form with b = 1 and a an integer unless m — 1 divides 12. 


In particular, there is no extremal Jacobi form ¢ € J§**,_, such that am-ı 1 = 1 and dm-1 o 18 
; TU 


4 2 
an integer unless m — 1 divides 12. Inspecting the Z(? we conclude that the divisors of 12 are 


exactly the values of m — 1 for which such a Jacobi form exists. 
Following the discussion in 812.3[2.4] each of the umbral Jacobi forms Z(? leads to an (# —1)- 
vector-valued mock modular form H(® = (uf?) through the decomposition of Z into N = 4 


characters, or equivalently through the decomposition of y = LORA into its polar and finite 
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parts and the theta-expansion of the finite part, 
y(F( mo O (7)6 (r, z). (2.63) 


As we have explained above, the extremal condition translates into a natural condition on the 
vector-valued mock modular forms H(%: The requirement that Z takes the form (2.37) is 
equivalent to requiring that the only polar term in H = (HY) is —2q- in the component 


HY ) and all the other components He ) for r # 1 vanish as T — ioo, so that 
HO (T) = —2ó, iq + O(q*) (2.64) 


for 0 < r < (í. 
Some low order terms in the Fourier expansions of the component functions HO obtained 


from the extremal forms Z for £ € {2,3,4} are given as follows. 


pis = 2q 1⁄8 (—1 + 45g + 231g? + 7704? + 227741 + 579647 + ---) (2.65) 

Mr) = 2971/12 (—1 + 16g + 55g? + 144g? + 330g* + 70445 +---) "m 
PM ) = 29?/? (10 + 44q + 110g? + 280g? + 5724! + 120097 + ---) 
HY (r) = ag iE] F 7q4 21g? r 43g? + 94g* a 168g? +---) 

HS (T) = 243/4 (8 + 24q + 56q? + 1124? + 216g^ + 3924? + ---) (2.67) 


( 
HL” (T) = 247/19 (3 + 14q + 284? + 694? + 1194* + 2399? + ---) 


As a prelude to the next section we note that the coefficients 16, 55 and 144 appearing in H 9 


are dimensions of irreducible representations of the Mathieu group Mis and that x? = 12 
is the dimension of the defining permutation representation of Mj just as x? = 24 is the 
dimension of the defining permutation representation of M54. We further note that the low- 
lying coefficients appearing in H®) are dimensions of faithful irreducible representations of a 
group 2.Mı2. Here the notation 2.G denotes a group with a Z/2Z normal subgroup such that 
2.G/(Z/2Z) = G. Note also that 2.M12 has a faithful (and irreducible) 12-dimensional signed 
permutation representation (cf. $3.2). The pattern that the coefficients of HO for r odd are 
dimensions of representations of a group G with a permutation representation of dimension 
x and the coefficients of HO for r even are dimensions of faithful representations of a group 
G® = 2.G with a signed permutation representation of degree x persists for all £ € A; 


detailed descriptions of the (unsigned) permutation and signed permutation representations of 
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G and GU are given in 88-3]and 
The leading terms in the q-expansions of the mock modular forms H (5 that correspond via 


the procedure described earlier to the Jacobi forms Z for ( € (5, 7,13] are 


HË (r) = 29719 (—1 + Aq + 9g? + 20g? + 35g* + 609 + ---), 
HO (T) = 2471/25 (51 + 29 + 3g? + 5g? + 10g* + 159 + 219 +), (2.68) 
Hj?) (r) 2247? (—1 +q +g? tq +g 249 34 +--+). 


To avoid clutter we refrain from describing low order terms in the q-expansions of HO for 
£ € {5,7,13} and r > 1 here, but these can be read off from the 1A entries in Tables 27129] 
8085] and [87147 

We conclude this section with a comparison of our condition with other notions of 
extremal in the literature. A notion of extremal holomorphic conformal field theory was given 
in following earlier related work on vertex operator superalgebras in [72]. Extremal CFT's 
have central charge c = 24k with k a positive integer and are defined in such a way that their 


partition function satisfies 


Zeug [| —=*0@ A (2.69) 


as T — ¿oo where the term O(q) is presumed to be a series in q with integer coefficients, so that 
the second term O(g)I[,,o(1- q")? in represents an integer combination of irreducible 
characters of the Virasoro algebra. The first term in is the vacuum character of the 
Virasoro algebra, generated by the vacuum state, and thus any Virasoro primaries above the 
vacuum are only allowed to contribute positive powers of q to the partition function. At this 
time the only known example of an extremal CFT is that determined by the monster vertex 
operator algebra V” whose partition function has k = 1 in so this notion is, at the very 
least, good at singling out extraordinary structure. 

If 9 is a weak Jacobi form of weight 0 and index m — 1 that is extremal in our sense then 


we have 


m 0, 
Hen eC. + > OQ) (2.70) 


[o =Am-1 pon +Qm-1 1 
"4 TA 60 4 02 q 


as T — ioo for some 4m-1 , and a»: 1, and the third term in (2.70) is a natural counterpart 
4 ? 4 2 

to the second term in (2.69) since the massive N — 4 characters (in the Ramond sector with 

(—1)F insertion) are all of the form q* 60 Hg, y for some a and some r. It is harder to argue 


that the massless N — 4 contributions in (2.70) are in direct analogy with the first term in 
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(2.69) since the vacuum state in a superconformal field theory with N = 4 supersymmetry will 
generally (i.e. when the index is greater than 1) give rise to non-zero massless N = 4 character 


contributions with spin greater than 1/2. We remark that the stronger condition 


ga 
Wii 


o= A + 5 O(q) 


0<r<m 


(2.71) 


has no solutions according to Lemma 2-4] According to Theorem [2.2] the six Jacobi forms ZW 


of umbral moonshine are the unique solutions to (2.70) having Ami 1 = —2. 

A notion of extremal conformal field theory with N = (2,2) superconformal symmetry was 
introduced in and the Ramond sector partition function of such an object defines a weak 
Jacobi form of weight 0 and some index but will generally not coincide with a Jacobi form that 
is extremal in our sense since, as has been mentioned, our functions are free from contributions 
arising from states in the Ramond sector that are related by spectral flow to the vacuum state 
in the Neveu-Schwarz sector, except in the case of index 1. 

Despite the absence of a notion of extremal conformal field theory underlying our extremal 
Jacobi forms it is interesting to reflect on the fact that the one known example of an extremal 
CFT is that (at k = 1) determined by the moonshine vertex operator algebra of with 
partition function Z(7) = J(7). This function encodes dimensions of irreducible representations 
of the monster and, as we have seen to some extent above and will see in more detail below, 
the quantities which play the same role with respect to the groups G of umbral moonshine 
are precisely the mock modular forms HW(r) = (HO (r)) which arise naturally from the 
extremal Jacobi forms ZW (r, z) according to the procedure of One of the main motivations 
for the notion of extremal CFT introduced in [27] was a possible connection to pure (chiral) 
gravity theory in 3-dimensional Anti-de Sitter space via the AdS/CFT correspondence and it 
is interesting to compare this with the important rôle that Rademacher sum constructions play 
in monstrous moonshine [25], umbral moonshine at £ = 2 [24], and in umbral moonshine more 
generally (cf. land 85.2). We refer to [28] 29] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] for 


further discussions on the AdS/CFT correspondence and extremal CFT’s. 


2.6 Siegel Modular Forms 


Siegel modular forms are automorphic forms which generalise modular forms by replacing the 


modular group SL2(Z) by the genus n Siegel modular group Sp», (Z) and the upper half-plane H 
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by the genus n Siegel upper half-plane Hn. Here we restrict ourselves to the case n = 2. Define 


J= (2.72) 


with I> the unit 2 x 2 matrix and let Sp,(Z) be the group of 4 x 4 matrices y € M4(Z) satisfying 
yJy' = J. If we write y in terms of 2 x 2 matrices with integer entries A, B, C, D, 


A B 
C D 
then the condition yJy? = J becomes 
ABt = BA,  CD'-DC',  AD'- BC'- 1. (2.74) 


Just as SL2(Z) has a natural action on Hl, the (genus 2) Siegel modular group Sp,(Z) has a 
natural action on the (genus 2) Siegel upper half-plane, IH», defined as the set of 2 x 2 complex, 


symmetric matrices 


Q= (2.75) 
z 0 
obeying 
Im(7) > 0, Im(o) > 0, det(Im(Q)) > 0. (2.76) 
The action of y € Sp,(Z) is given by 
49 = (A0 + B)(CQ+ D)! (2.77) 


when y is given by (2.73). A Siegel modular form of weight k for T C Sp,(Z) is a holomorphic 


function F : Hz — C obeying the transformation law 
F((AQ + B(CQ + D) 1) = det(CQ + D) F(Q) (2.78) 


for y € T. We can write a Fourier-Jacobi decomposition of F(Q) in terms of p = e(c) as 


F(Q) = > ` ex (r, ap” (2.79) 


m=0 


31 


UMBRAL MOONSHINE 


and the transformation law for F(Q) can be used to show that the Fourier-Jacobi coefficient 
@m (T, z) is a Jacobi form of weight k and index m. (This is one of the main motivations for the 
notion of Jacobi form; cf. [86] for an early analysis with applications to affine Lie algebras.) We 


can thus write 


Qm(T, 2) = >` c(m,n,r)q"y" (2.80) 
n,reZ 
4mn—r?>0 
and then 
F(Q)= >` c(m,n, r)p"q" y”. (2.81) 


m,n,r 

A special class of Siegel modular forms, called Spezialschar by Maass, arise by taking the 

Jacobi-Fourier coefficients Ym to be given by Ym = qi1|V5, where o1 € Jk ı and Vm is the 
Hecke-like operator defined so that if yi = $7, „ c(n,r)q"y” then 


gil¥m = YN | Y 5 nome z) gry". (2.82) 


nr Nól(nyrym) 


It develops that the function 
oo 


F(Q) = > ` (G |WA)(r, z)p" (2.83) 


m=0 
is a weight k Siegel modular form known as the Saito-Kurokawa or additive lift of the weight 
k and index 1 Jacobi form yı. An important example arises by taking the additive lift of the 
Jacobi form 


(10,1(7, 2) = —n(r)!°0) (r, A (2.84) 


(cf. JA) which produces the Igusa cusp form 


$9(Q D (Y10,1|Vin)(7, 2)p"" (2.85) 
m=1 


The Igusa cusp form also admits a product representation obtained from the Borcherds or 
exponential lift of the umbral Jacobi form Z) = 25 (cf. (2.49)) which is 


m n, rye?) (4mn—r? 
$19(2) =pqy [| Q-»"cy»y Grrr? (2.86) 
m,n,reZ 
(m,n,r)>0 
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where the coefficients c? are defined by the Fourier expansion of Z? 


Z)(r, z) E (2 (4n — p?) (2.87) 
and where the condition (m,n,r) > 0 is that either m > 0 or m = 0 and n > 0 or m = n = 0 
and r « 0. 

According to Theorem 2.1 in [87] the umbral Jacobi form Z(% defines a Siegel modular form 
& on the paramodular group V? , < Sp4(Q) via the Borcherds lift for each £ € A. (We refer 
the reader to [87] for details.) For small values of £ these Siegel forms 9(? have appeared in the 
literature (in particular in the work [87] of Gritsenko-Nikulin). Taking £ € A and defining 
e) (n, r) so that 

ZO (v, z) E (n, r) (2.88) 


we have the exponential lift 6 of weight k = c(?(0,0)/2 for FÈ} given by 


90(0) = p^? qP O yet) II (1 _ prgry")o” (mnn) (2.89) 


(m,n,r)>0 


where 


1 1 1 
= (£) =z = (0) = 2 2 (0) 
= De (07, BO=5 2 t (0,7), CQ =; 2 c(? (0, r). (2.90) 
Note that for £ € {2,3,4,5} we have ® = (Ay)? in the notation of where k is given by 
= (7—£)/(¢—1). These four functions A; appear as denominator functions for Lorentzian Kac- 
Moody Lie (super)algebras in 85.1] (see also [89]) and in connection with mirror symmetry 
for K3 surfaces in [87] $5.2]. We refer the reader to §5.5]for more discussion on this. 


3 Finite Groups 


In this section we introduce the umbral groups G for £ € A = (2,3,4,5, 7,13). It will develop 
that the representation theory of G is intimately related to the vector-valued mock modular 
form H!) of 

We specify the abstract isomorphism types of the groups explicitly in 43.1} Each group 
admits a quotient G which is naturally realised as a permutation group on 24/(/ — 1) points. 
We construct these permutations explicitly in In order to construct the G(Ó we use signed 


permutations—a notion we discuss in §8.2}—and explicit generators for the G are finally 
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obtained in The signed permutation constructions are then used (again in 88.4) to define 
characters for GÓ——the twisted Euler characters—which turn out to encode the automorphy 
of the mock modular forms HY? that are be described in detail in d4] In $43.515.6] we describe 


curious connections between the G(Ó and certain Dynkin diagrams. 


3.1 Specification 


For l € A let abstract groups G and G) be as specified in Table[I] We will now explain the 
notation used therein (moving from right to left). 

We write n as a shorthand for Z/nZ (in the second and third rows of Table[I) and Sym,, 
denotes the symmetric group on n points. We write Alt, for the alternating group on n points, 
which is the subgroup of Sym,, consisting of all even permutations. 

We say that G is a double cover of a group H and write G = 2.H (cf. §5.2]) in case 
G has a subgroup Z of order 2 that is normal (and therefore central, being of order two) with 
the property that G/Z is isomorphic to H. We say that G is a non-trivial double cover of H 
if it is a double cover that is not isomorphic to the direct product 2 x H. (We don't usually 
write G ~ 2.H unless G is a non-trivial cover of H.) The cyclic group of order 4 is a non-trivial 
double cover of the group of order 2. 

For n a positive integer and q a prime power we write GL, (q) for the general linear group 
of invertible n x n matrices with coefficients in the finite field F, with q elements, and we write 
SL, (q) for the subgroup consisting of matrices with determinant 1. We write PGL, (q) for the 
quotient of GL, (q) by its centre but we adopt the ATLAS convention (cf. 82.1]) of writing 
L,,(q) as a shorthand for PSL, (q)—being the quotient of SL,, (q) by its centre—since this group 
is typically simple. In the case that q = 3 and n is even the centre of SL,,(q) has order 2 and 
SL, (q) = 2.Ln (q) is a non-trivial double cover of L, (q). 

In case q = 5 the centre of GL, (q) is a cyclic group of order 4 and so GL, (5) has a unique 
central subgroup of order 2. We write GL, (5)/2 for the quotient of GL, (5) by this subgroup. 
In case n = 2 the exceptional isomorphism PGL2(5) ~ Sym; tells us then that GL2(5)/2 is 
a double cover of the symmetric group Symg. For n > 4 there are two isomorphism classes 
of non-trivial double covers of Sym,, with the property that the central subgroup of order 2 is 
contained in the commutator subgroup of the double cover—these are the so-called Schur double 
covers (cf. 84.1, 86.7]). The group GL2(5)/2 is curious in that its only subgroup of index 2 
is a direct product 2 x Alts and its commutator subgroup is a copy of Alts, so it is a non-trivial 
double cover of Sym, that is not isomorphic to either of the Schur double covers. 


The symbols AGL, (g) denote the affine linear group generated by the natural action of 
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Table 1: The Umbral Groups 
£ 2 3 4 5 7 13 


GY | Moa 2.Mio 2.AGL3(2) Glə(5)/2 SL2(3) 4 
GO | Moa Mio  AGL3(2)  PGL2(5) L(3) 2 


GL, (q) on F7 and the translations z — x + for v € F7. The group AGL, (q) may be realised 
as a subgroup of GL,+1(q) so in particular AGL3(2) embeds in GL4(2). The group GL4(2) is 
unusual amongst the GL, (2) in that it admits a non-trivial double cover 2. GL4(2), which is a 
manifestation of the exceptional isomorphism GL4(2) ~ Altg. There are two conjugacy classes 
of subgroups of 2.Altg of order 2688, which is twice the order of AGL3(2). The groups in both 
classes are isomorphic to a particular non-trivial double cover of AGL3(2) and this is the group 
we denote 2.AGL3(2) in Table [I] 

The symbols M54 and Mj» denote the sporadic simple Mathieu groups attached to the binary 
and ternary Golay codes, respectively. The group Maa is the automorphism group of the binary 
Golay code, which is the unique self-dual linear binary code of length 24 with minimum weight 
8 (cf. [91]). The ternary Golay code is the unique self-dual linear ternary code of length 12 with 
minimum weight 6 (cf. [91]) and its automorphism group is a non-trivial double cover of Mi». 
There is a unique such group up to isomorphism (cf. [90]) which we denote by 2.M12 in Table 
1] 

Observe that for 2 > 2 the group G has a unique central subgroup of order 2. Then GV 
may be described for £ > 2 by G = GM /2 and G™ is a non-trivial double cover of G for 
each £ > 2. It will develop in q3:2]that GV is a permutation group of degree n = 24/(£ — 1) for 
each / € A. Since G?) ~ Mo, has trivial centre and is already a permutation group of degree 
24 = 24/(2 — 1) we set G?) = GO), 

Generalising the notation used above for double covers we write G ~ N.H to indicate that 


G fits into a short exact sequence 


1I>N>G>.H>1 (3.1) 


for some groups N and H. We write G ~ N:H for a group of the form N.H for which 
the sequence (3.1) splits (ie. in case G is a semi-direct product N x H). Then we have 
AGL3(2) = 2%:L2(7) according to the exceptional isomorphism L3(2) ~ L2(7) where 2? denotes 


an elementary abelian group of order 8. 
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3.2 Signed Permutations 


The group of signed permutations of degree n or hyperoctahedral group of degree n, denoted here 
by Oct,, is a semi-direct product 2":Sym,, where 2” denotes an elementary abelian group of 
order 2”. We may realise it explicitly as the subgroup of invertible linear transformations of 
an n-dimensional vector space generated by sign changes and permutations in a chosen basis. 
(This recovers 2":Sym,, so long as the vector space is defined over a field of characteristic other 
than 2. In case the characteristic is 2 the sign changes are trivial and we recover Sym,,.) When 
we write Oct, we usually have in mind the data of fixed subgroups N ~ 2” and H ~ Sym,, 
such that N is normal and Oct,/N œ H, such as are given by sign changes and coordinate 
permutations, respectively, when we realise Oct,, explicitly as described above. In what follows 
we assume such data to be chosen for each n and write Oct, — Sym, for the composition 
Oct, — Octn/N = Sym,,. 

We will show in q3.4]that each GU for £ € A admits a realisation as a subgroup of Oct», for 
n = 24/ (€ — 1) such that the image of G(Ó under the map Oct, — Sym, is G). 

In 93.4] we use the following modification of the usual cycle notation for permutations to 
denote elements of Oct,,. Suppose Q is a set with n elements and V is the vector space generated 
over a field k by the symbols [e;,co. Whereas the juxtaposition xy occurring in a cycle (...xy...) 
indicates a coordinate permutation mapping e; to ey, we write xy to indicate that a sign change 
is applied so that e; is mapped to —e,. Then, for example, if Q = {00,0,1,2,3,4} we write 
o = (66234)(0) for the element of GL(V) determined by 


Tg Hen, €z —63, 63-364, Clow, Eg > —6g. (3.2) 


(We think of the bar over the 3 in (...234...) as “occurring between" the 2 and 3.) We call the 
symbol 1 a fired point of c and we call 0 an anti-fired point. 


We define the signed permutation character of Oct, by setting 


X: Oct, > Z 
(3.3) 


0 Xg = hg, — hy 


where h; + is the number of fixed points of g and hç; _ is the number of anti-fixed points. Then 
x is just the character of the ordinary representation of Oct,, furnished by V that obtains when 


the field k is taken to be C. Writing X for the composition of Oct, — Sym, with the usual 
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permutation character of Sym, we have 


X: Oct, >Z 
(3.4) 
g > Xg = hg,+ + hg — 


and we call x the unsigned permutation character of Oct,. Then the signed and unsigned 
permutation characters x and x together encode the number of fixed and anti-fixed points for 
each g € Oct,,. 

Let us take k = C in the realisation of Oct, as a subgroup of GL(V). Then to each element 
g € Oct, we assign a signed permutation Frame shape IIg which encodes the eigenvalues of the 
corresponding (necessarily diagonalisable) linear transformation of V in the following way. An 


expression 


I = [pem (3.5) 
k>1 


with m,(k) € Z and m,(k) = 0 for all but finitely many k indicates that g defines a linear 
transformation with m,(k) eigenvalues equal to e(j/k) for each 0 < j < k in the case that all 
the mg(k) are non-negative. If some m,(k) are negative then we find the number of eigenvalues 
equal to £ say by looking at how many copies of £ are present in I = Ia, ma(k)>0 kms) and 
subtracting the number of copies indicated by II, = het k-™s(*), Observe that the 
signed permutation character of Oct, is recovered from the signed permutation Frame shapes 
via xg = My(1). Also, the Frame shape is invariant under conjugacy. 

The map Oct, > Sym,, (which may be realised by “ignoring” sign changes) furnishes a (non- 
faithful) permutation representation of Oct, on n points; we call it the unsigned permutation 
representation of Oct,,. We write g — Il for the corresponding cycle shapes and call them the 
unsigned permutation Frame shapes attached to Oct,. Observe that the unsigned permutation 
character of Oct, is recovered from the unsigned permutation Frame shapes via Xg = My(l) 
when II, = [],5, 24, 


Observe that we obtain a faithful permutation representation Oct, — Sym», by regarding 


g € Oct, as a permutation of the 2n points {+er}seo. We denote the corresponding cycle 
shapes IL and call them the total permutation Frame shapes attached to Oct». Then the total 


permutation Frame shapes can be recovered from the signed and unsigned permutation Frame 
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shapes for if we define a formal product on Frame shapes by setting 


mr = [ [ geboten (3.6) 
k>1 


in case II = J J>; km(k) and IV = Msi k™ (E) then we have IL — Hall; for all g € Oct,. 
Suppose (hat G is a subgroup of Oct, with the property that the intersection GM N has 
order 2. (This will be the case for G = GO when £ € A and £ Z 2.) Let z be the unique 
and necessarily central involution in G N N and write G for the image of G under the map 
Oct, — Sym,. Then the conjugacy class of zg depends only on the conjugacy class of g and we 
obtain an involutory map [g] > [zg] on the conjugacy classes of G. We call [g] and [zg] paired 
conjugacy classes and we say that [g] is self-paired if [g] = [zg]. Observe that z must act as —1 
times the identity in any faithful irreducible representation of G so if g > x(g) is the character 


of such a representation then x(zg) = —x(g). In particular, x(g) = 0 if g is self-paired. 


3.3 Realisation Part I 


In this section we construct the groups G as subgroups of Sym,, where n = 24/(€— 1). This 
construction will be nested in the sense that each group G will be realised as a subgroup of 
some G4) for ( — 1 a divisor of £ — 1. 

For £ = 2 let Q(2 be a set with 24 elements and let G C P(Q) be a copy of the Golay code 
on Q2, Then the subgroup of the symmetric group Symge) of permutations of the set 2°) 


that preserves G is isomorphic to M24. So we may set 
G = (e € Symge | o(C) € g, VC € G}. 


For £ = 3 the largest proper divisor of / — 1 = 2 is 1 = 2 — 1. Choose a partition of Q(2) 
into 2/1 = 2 subsets of 24/2 = 12 elements such that each 12-element set belongs to G and 
denote it P9 = {Q@),Q@)"}. Equivalently, take 0% to be the symmetric difference of the sets 
of fixed-points of elements o,o’ € GP) of cycle shape 1828 such that go’ has order 6. (That 
is, QC) consists of the points that are fixed by o or o” but not both. In turns out that if the 
product oo’ has order 6 then its cycle shape is 1727376? and so the fixed-point sets of o. and 
o! have intersection of size 2 and Q9 and Q@) = 09 106) both have 12 elements.) Then 


the group of permutations of 2) induced by the subgroup of GC?) that fixes this partition is a 


(2) 


pi» denotes the 


copy of G®) ~ Mis. Explicitly, and to explain what we mean here by fix, if G 
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subgroup of GC) that fixes the partition P) in the sense that 
G2, = {o € G9 | oC) 2 C, vC e PO}, (3.7) 


(2) 


and if o: Es => SyMg(s) denotes the natural map obtained by restricting elements of G P) 


to NO, 


— (2 
Ë (uh > Symp 3) 


(3.8) 
oO = ala) š 
then G(9 is the image of o. The kernel of this map is the subgroup 
G wn = lo € o | a(x) = z, Vz € on) (3.9) 


comprised of permutations in B that fix every element of 2°) so we have 
^ A(2 AQ) ¡A 
69 = 9 (GE), ) ~ GO, (CEs cs & Maz. 


For £ = 4 the largest proper divisor of £— 1 = 3 is 1 = 2 — 1. Choose a partition of Q(2 into 
3/1 = 3 subsets of 24/3 = 8 elements that belong to G and denote it P = (QU), Q(0^, Q0"), 
Equivalently, choose 2 and Q to be the fixed-point sets of respective elements o and o” of 
order 2 in G(? having cycle shapes 1828 and disjoint fixed-point sets and the property that co’ 
has order 3. Then the group of permutations of 0% induced by the subgroup of G) that fixes 
this partition is a copy of the group G(? ~ AGL3(2) and we have 


GO = o (Gen) = GO,  /G gy = AGLs(2) 


where Gp. the map o and the subgroup Gods are defined according to the natural ana- 
logues of (3.7), (3.8) and (8.9), respectively. 

For £ = 5 the largest proper divisor of £ — 1 = 4 is 2 = 3— 1. Choose a partition P? = 
(Q0), Q9) of QO into 4/2 = 2 subsets of 12/2 = 6 elements such that neither of the sets in 
PČ) is contained in a set of size 8 in G. Equivalently, take QU? to be the symmetric difference 
of the sets of fixed-points of elements 0,0’ € GO) of cycle shape 1224 such that oo’ has order 
6. (This condition forces the fixed-point sets of o and o” to have a single point of intersection 


so that 0% and Q9) = QC) V Q9) both have 6 elements.) Then the group of permutations of 
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Q) induced by the subgroup of G) that fixes this partition is a copy of GO) ~ PGL»(5). 
G® = (6%) ~ GO, yG yan & POE) 


For £ = 7 the largest proper divisor of £ — 1 = 6 is 3 = 4 — 1. Choose a partition P™ = 
(QO), QC Y of QM into 6/3 = 2 subsets of 8/2 = 4 elements such that Q(7) (and therefore also 
QU = QU \ QM) is the set of fixed points of an element of order 2 in G having cycle shape 
14922. (There are three conjugacy classes of elements of order 2 in G“ but for just one of these 
classes do the elements have the cycle shape 1422.) Then the group of even permutations of Q? 
induced by the subgroup of G(? that fixes this partition is a copy of the group G(? œ La(3), 
which is of course isomorphic to the alternating group on 4 points. 

G = (6% 


Bo) n Alto) ~ La(3) 


. (4 
(The quotient QU ah QC 


restriction to even permutations is not redundant.) 


, is isomorphic to the full symmetric group on 4 points so the 


The next largest divisor of 7 — 1 — 6 is 2 — 3— 1. An alternative construction of G(? 
is obtained by choosing a partition PM) = (Q(0, Q(0', Q0" of Q9) into 6/2 = 3 subsets of 
12/3 = 4 elements such that Q and Q (7 are the fixed-point sets of respective elements c and 
o! of order 2 in G®) having cycle shapes 1424 and disjoint fixed-point sets and the property that 
oo! has order 3. Then the group of permutations of QC induced by the subgroup of G(9 that 
fixes this partition is again a copy of the group G(? — La(3). 


GO =o (GE), ) = Bes an = c La(3) 


For £ = 13 the largest proper divisor of £ — 1 = 12 is 6 = 7 — 1. Choose a partition 
pa3) = (003,003) of AM into 12/6 = 2 subsets of 4/2 = 2 elements such that Q(13) is the 
orbit of an element of order 2 in G(?, (That is, choose any partition of QCP into subsets of size 2. 
The elements of order 2 in G(? all have cycle shape 22.) Then the group of permutations of (09) 
induced by the subgroup of G(? that fixes this partition is a copy of the group GU? ~ Sym». 


7 A(T A(T 
GOs) = 2 (eÇ A x G as c Sym 


The next largest divisor of 13 — 1 = 12 is 4 = 5 — 1. An alternative construction of G?) 
is obtained by choosing a partition PO?) = (003, 003", Q03") of 06) into 12/4 = 3 subsets 


of 6/3 = 2 elements such that Q03) and 003” are the fixed-point sets of respective elements c 
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and o” of order 2 in G(? having cycle shapes 172? and disjoint fixed-point sets and the property 
that oo’ has order 3. Then the group of permutations of Q(13) induced by the subgroup of G) 
that fixes this partition is a copy of the group GU? ~ Sym». 


5 = (5 m) JAG 
GO) =o (ia) = GE Js sip ~ Sym, 


Remark 3.1. The group Gh Qw 18 trivial in every instance except for when (£”, £) is (2,4) or 


(4,7) so apart from these cases we have GV ~ aeh. The group Gr rni has order 8 and 


GO 


PM am has order 4. 
Remark 3.2. A Steiner system with parameters (t, k, n) is the data of an n-element set Q together 
with a collection of subsets of Q of size k, called the blocks of the system, with the property 
that any t-element subset of Q is contained in a unique block. It is well-known that M4 ~ G2 
may be realised as the automorphism group of a Steiner system with parameters (5,8, 24) and 
M2 = GU?) may be described as the automorphism group of a Steiner system with parameters 
(5, 6,12). Indeed, for G% ~ M24 we may take the blocks to be the (77)/(2) = 759 sets of size 
8 in a copy G of the Golay code on the 24 element set Q = Q) and for G) ~ Mi» regarded 
as the subgroup of G(% preserving a set 2) of size 12 in G we may take the blocks to be the 
(2)/(8) = 132 subsets of size 6 that arise as an intersection C N Q9 for C € G having size 
8. The group G(9 ~ AGL3(2) also admits such a description: it is the automorphism group of 
the unique Steiner system with parameters (3,4, 8). The blocks of such a system constitute the 
(5) / (3) = 14 codewords of weight 4 in the unique doubly even linear binary code of length 8, 
the length 8 Hamming code. 

Remark 3.3. Following [92] Chp. 11] let n be a divisor of 12, take n cards labelled by 0 through 
n — 1 and consider the group Mn < Sym, generated by the reverse shuffle rn : tœ n —1—t 
and the Mongean shuffle Sn : t > min{2t, 2n — 1 — 2t). Then the notation is consistent with 
that used above, for the group Mj» just defined is indeed isomorphic to the Mathieu group of 
permutations on 12 points. So we have Mis ~ GG) according to Table [I] and it turns out that 
in fact M, = G(Ó whenever n = 24/(£ — 1), and so this shuffle construction recovers all of the 


G© except for G?) ~ M»4 and G(? ~ AGL3(2) (i.e. all GM for £ odd). 


3.4 Realisation Part II 


Having constructed the G as permutation groups we now describe the umbral groups G as 
groups of signed permutations. We retain the notation of 


To construct GC) choose an element + of order 11 in G) and (re)label the elements of Q9? 
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so that 
06) = {o0, 0,1, 2,3, 4, 5,6, 7, 8,9, X) 


and the action of 7 on QC) is given by z — z + 1 modulo 11 (where X = 10). Then for any 
set C C QC) of size 4 there is a unique element o € GC) with cycle shape 1424 such that the 
fixed-point set of ø is precisely C. In case C = {0,1,4,9} for example e = (006)(2X)(35)(78) 
and G) is generated by o and 7. Let Q@) = fe, | z € QU) be a basis for a 12-dimensional 
vector space over C say, let 7 be the element of the hyperoctahedral group Octo(3; ~ Octia 
given by 7 : e; r> €x41, so that # = (0123456789X) in (signed) cycle notation (cf. $3.2), 
and set 6 = (006)(2X)(35)(78). Then for G(% the group generated by 6 and 7 we have that 
GC) ~ 2.Mj2 and the image of G(% under the map Octa, — Soc is GO). 

To construct G(? choose an element 7 of order 7 in G(9 and (re)label the elements of Q) 
so that 

QM = (00,0, 1,2,3, 4,5,6} 


and the action of r on 2 is given by x — «+1 modulo 7. There is a unique conjugacy class 
of elements of G(? having cycle shape 1122 and the fixed-point sets of these elements are the 14 
subsets of Q of size 4 comprising the blocks of a (3, 4,8) Steiner system preserved by G) (cf. 
Remark [.2). The particular block C = {0,1,3,6} is the unique one with the property that c 
and 7 generate G) in case c is any (of the 3) involution(s) with C as its fixed-point set. Take 
c = (005)(24) and let 2) = fe, | z € Q} be a basis for an 8-dimensional vector space over C 
say, let 7 be the element of the hyperoctahedral group Octo) ~ Octa given by 7 : eg H €z41, 
so that ? = (0123456), and set ó = (005)(0)(1)(24). Then for G(? the group generated by ó 
and 7 we have that G ~ 2.AGL3(2) and the image of G under the map Octa; — Sac) is 
GU. 

For the remaining £ > 5 we can construct G(Ó from G(? by proceeding in analogy with the 
constructions of G from G9? (and its subgroups) given earlier in this section. Concretely, for 


£ = 5 we may set 


5) — (G) Y. GO) 1 A E 
GO) = 0 (e) = GÀ; / G 505) Qe = GLa(5)/2 


where QU) = fe, | x € QU) is a basis for 24/(5 — 1) = 6-dimensional vector space over C, we 
define C = (e, | z € C) for C C Q(5) and set PO) = (Q9), Q0) for P? = (00,00) as in 
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the construction of GP) given above, the groups Ge a and GË p 5) Qs) are defined by 
C= = [c € GO? | e(Span Ó) c Span Ô, VC € pa j (3.10) 
3) 
ë 540 = lo € e | o(ex) = ex, Vr € ot) , (3.11) 


and ó is the map COs Octo, obtained by restriction. 


Es 


2.00 
Ó: se) > Octa (3.12) 


ar Olgpan QE) 


In direct analogy with this we have that 


n 3 3 3 
GO =EL (c8 a )= G, iG, Q0 7 ~ SL2(3), 
13) (5) ~ (5) (5) ES 
Ge =i) ss Gas) Gas) Qaa) 7 4, 
when GË "i and e. ato are defined as in (3.10) and (3-11), respectively, for P = {Q,.--} 


as specified in the construction of G(^) given above, and ó as in (3.12). 

We conclude this section with explicit signed permutation presentations of the G as sub- 
groups of the Octo.) for £ > 3. The presentations for £ = 3 and £ = 4 were obtained above, 
and the — ones can be found in a similar manner. In each case we label the index set 
Q so that QU = [00,0,--- ,n — 1) where n = 24/(£ — 1) — 1 = (25 — £)/(£ — 1) and seek a 
presentation for which the coordinate permutation e, — ex+4 (with indices read modulo n) is 


an element of order n in G (although we must take this element to be trivial in case £ = 13). 


GO? = ((006)(2X)(35)(78), (0123456789 X )) (3.13) 
GM = ((005)(0)(1) (24), (0123456) (3.14) 
G® = ((oc0)(31) (24), (01234) (3-15) 

G = ((000)(12), (012)) (3.16) 
GO) = ((000)) n) 


Equipped now with explicit realisations G(Ó < i a = umbral groups G(Ó as signed 
permutation groups we define symbols I ar x ) nis ) and xe ) as follows for £ € A and ge G®, 
We write rit ) for the signed permutation Frame shape attached to g € G (when regarded as 
an element of Oct, ) as defined in $3.2]and we write II; () for the cycle shape attached to the image 
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of g € G under the composition GO — Oct, — Sym,. We define g + yy? by restricting 


the signed permutation character (cf. (3:3)) to G and we define g + x by restricting 
the unsigned permutation character (cf. (B) to G. We call xD the signed twisted Euler 
character attached to g € G® and we call zP the unsigned twisted Euler character attached 
to ge G). 

As is explained in 83.2]the data g > rt is sufficient to determine the cycle shapes ny) and 


the twisted Euler characters x and x 


. We will attach vector-valued mock modular forms 
H (D to each g € G in Hand it will develop that the shadows and multiplier systems of these 
functions are encoded in the Frame shapes ri. We list the Frame shapes ri and HO) and 
the twisted Euler characters xP and x) for all g € G) and £ € A in the tables of 

We conclude this section with an extraordinary property relating the Frame shapes ru and 
HO) attached to the umbral groups G at £ = 2 and £ = 4 which can be verified explicitly 


using the tables of 


Proposition 3.4. Let g € G and suppose that the Frame shape r = [fL kms) is a cycle 
shape, so that mg(k) > 0 for all k. Then there exists gl € GW with o(g”) = 20(g) such that 


iü = [[ e". (3.18) 
k 


when mr) = |]: k'^s0) except in case g is of class 4B. 


As will be explained in {4]this result implies direct relationships between the functions B: 


and H. (9 when g and g’ are as in the statement of the proposition. 


3.5 Dynkin Diagrams Part I 


The McKay correspondence relates finite subgroups of SU(2) to the affine Dynkin diagrams 
of ADE type by associating irreducible representations of the finite groups to nodes of the corre- 
sponding diagrams and by now is well understood in terms of resolutions of simple singularities 
C?/G for G < SU(2) [95]. A more mysterious Dynkin diagram correspondence also due to 
McKay is his monstrous Eg observation [93] (see also [96] §14]) which associates nine of the con- 
jugacy classes of the monster group to the nodes of the affine Eg Dynkin diagram and extends 
to similar correspondences relating certain subgroups of the Monster to other affine Dynkin 
diagrams [97]. We find analogues of both McKay’s Dynkin diagram observations manifesting in 
the groups G), as we shall now explain. 

For í € A = (2,3,4,5, 7,13) the number (25 — £)/(£— 1) is an odd integer p such that p+ 1 


divides 24 and is a prime in case £ is not 13. Recall the construction of G as permutations of 
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QU from By inspection, with the assistance of [98], we obtain the following lemma. 


Lemma 3.5. Let l € {2,3,4,5,7} and set p = (25 — £)/(£ — 1). Then the group G has 
a unique conjugacy class of subgroups isomorphic to Lo(p) that act transitively on the degree 


p+1=24/(€—1) permutation representation of G® on QU, 


Armed with Lemma [3.5] we pick a transitive subgroup of G® isomorphic to La(p) for each 
L in (2,3,4,5, 71 these being the cases that (25 — £)/(£ — 1) is prime—and denote it L?. For 
future reference we note that there are two conjugacy classes of subgroups of G(% isomorphic 
to L2(p) in case Z € {3,4} but in each case only one of these classes contains subgroups acting 


transitively. 


Lemma 3.6. For L € {3,4} and p = (25 — ¢)/(€— 1) there is a unique conjugacy class of 
subgroups of G isomorphic to Lə (p) that does not act transitively in the degree p+1 = 24/(€—1) 


permutation representation of G) on the set QU. 


It is a result due to Galois (proven in a letter to Chevalier written on the eve of his deadly 
duel [92] Chp. 10]) that the group L2(p) has no transitive permutation representation of degree 
less than p + 1 if p > 11. However for the remaining primes p not exceeding 11 there are 
transitive permutation representations on exactly p points, and in fact we have the following 


statement. 


Lemma 3.7. Let p € {2,3,5,7,11} and set L = Lə(p). Then there is a subgroup D < L of 
index p with the property that L = (c) D for o an element of order p in L, so that every element 


g € L admits a unique expression g = sd where s € (c) and d € D. 


Remark 3.8. See [92] Chp. 10] for applications of the result of Lemma [3.7] to exceptional iso- 
morphisms among finite simple groups of small order, and see for an application of the 
case that p — 11 to the truncated icosahedron (which describes the structure of buckminster- 


fullerenes, a.k.a. buckyballs). 


According to Lemma [3.7] we obtain a permutation representation of degree p for L by taking 
the natural action of L on cosets of D and this action is transitive since ø induces a p-cycle. 
Using this result we choose a copy of D in L = LU for each £ € {3,4,5,7} and denote it D©. 
(Such subgroups are uniquely determined up to isomorphism, but there are as many conjugacy 
classes of subgroups of L isomorphic to D as there are conjugacy classes of elements of order p 
in L, which is to say there are 2 classes in case p € (11, 7) and a unique class in case p € (5,3).) 
We describe the groups D(? in TablePland observe that each one is isomorphic to a finite group 
Do < SO3(R). As such there is a corresponding finite group Do < SU(2) that maps onto Do 
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Table 2: The Umbral Groups and Dynkin Data 


2.Mi9 2.AGL3(2) GL3(5)/2 
SL2(11) SLa(7) 
2.Alts 2.SyMa 


M1» AGL3(2)  PGLa(5) 
L2(11) La(7) La(5) 
Alts Sym, Alta 


via the 2-fold covering SU(2) + SO3(R), and a corresponding Dynkin diagram A“) according 
to the McKay correspondence. We list the Dynkin diagrams A“ also in Table P] 

Traditionally finite subgroups of SOs(IR) are called ternary, owing to the fact that their 
elements are described using 3 x 3 matrices, and finite subgroups of SU(2) are called binary. 
The map SU(2) — SO3(R) determines a correspondence between binary and ternary groups 
whereby the ternary polyhedral groups (of orientation preserving symmetries of regular poly- 
hedra) correspond to binary groups of the form 2.A1t5, 2.Sym, and 2.Alt, (depending upon 
the polyhedron), a dihedral subgroup Dih, < SO3(R) corresponds to a generalised quaternion 
group of order 4n in SU(2), and a binary cyclic group corresponds to a ternary cyclic group of 
the same order. Thus, given a finite subgroup Do < SO3(R), we may speak of the associated 
binary group Do < SU(2). 

Next we observe that each group GM contains a subgroup D™ isomorphic to the binary 
group associated to D' (when D(? is regarded as a subgroup of SO3(R)) for all of the above 
cases except when í = p = 5. More particularly, for £ € {3,7} there is a unique conjugacy 
class of subgroups isomorphic to the binary group attached to D(? while for £ = 4 there are 
two such conjugacy classes and for £ = 5 there are none. For each ¢ € {3,4,7} we pick a 
subgroup isomorphic to the binary group attached to DO and denote it DY and we display 
the (isomorphism types of the) groups D“ in Table] We write Qs there for the quaternion 
group of order 8. 

To see how the D arise in G (and fail to do so in the case that / = 5) recall from Lemma 
that G contains a unique transitive subgroup isomorphic to La(p) up to conjugacy for 
L € {3,4,5,7}. The preimage of such a subgroup under the natural map G — GU) (cf. Bd) 
is a double cover of L2(p) that is in fact isomorphic to SL2(p) (cf. except when £ = 5. In 
case l = 5 we have G? ~ GL2(5)/2 which has the same order as SL2(5) but is not isomorphic 
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to it. We see then that for / € {3,4,7} we may find a copy of SLa(p) in the preimage of L(? 
under the map G — GM; we do so and denote it L(. Then we may take D(? to be the 
preimage of D“ under the map L“ — L©. The fact that there is no SL2(5) in GÓ? explains 
why there is no group DG). 

Observe that the rank of A is given by 11 — £ for each £ € {3,4,5,7}. This may be 
taken as a hint to the following uniform construction of the AM. Starting with the (finite type) 
Eg Dynkin diagram, being star shaped with three branches, construct a sequence of diagrams 
iteratively by removing the end node from a branch of maximal length at each iteration. In 
this way we obtain the sequence Es, Ez, Eg, Ds, Da, Az, A2, A1, and it is striking to observe 
that our list A, obtained by applying the McKay correspondence to distinguished subgroups 
of the G, is a subsequence of the one obtained from this by affinisation. 


We summarise the main observations of this section as follows. 


For £ € {3,4,5,7} the group G© admits a distinguished isomorphism class of sub- 
groups DO. This connects G) to a Dynkin diagram of rank 11 — £, for the group 
DU is the image in SO3(R) of a finite subgroup D(? in SU(2) which corresponds 
to the affinisation AM of a Dynkin diagram of rank 11 — £ according to McKay’s 


correspondence. The Dynkin diagrams arising belong to a naturally defined sequence. 


3.6 Dynkin Diagrams Part II 


Recall from Lemma [3.6] that the cases £ € {3,4} are distinguished in that for such £ the group 
G™ has a unique conjugacy class of subgroups isomorphic to L2(p) and not acting transitively 
in the degree p+1 permutation representation (cf. 83.3). Since such an L2(p) subgroup acts non- 
trivially on Q( it follows from LemmaB.7]that it must have one fixed point and act transitively 
on the remaining p points of 2, and thus we have witnesses within G( to the exceptional 
degree p permutation representations of Lə(p) in case £ € {3,4} and p € {11,7}. For these two 
special cases of lambency 3 and 4 we find direct analogues of McKay's monstrous Es observation 
attaching certain conjugacy classes of G to the nodes of A. At lambency 5 and 7 (where 
p is 5 and 3, respectively) we find similar analogues where the diagram AU is replaced by one 
obtained via folding with respect to a diagram automorphism of order 3. 

In case £ = 3 let T denote the conjugacy class of elements g of order 2 in G) ~ 2. M5 such 
that g has 4 fixed points in both the signed and unsigned permutation representations of G9. 
This is the conjugacy class labelled 2B in Table[9] and we have xe = xe — 4 in the notation 
of Table[I5] Then T? = (gh | g, h € T} is a union of conjugacy classes of G(% and in fact there 
are exactly nine of the twenty-six conjugacy classes of G) that appear. In we use these 
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classes (and the notation of Table[9) to label the affine Es Dynkin diagram. 


3B 


14 — 2B — 34 —— 4C — 5A —— 6€ —— 4B —20 (3.19) 


Observe that the labelling of (3.19) recovers the highest root labelling when the classes are 
replaced with their orders. In we replace the labels of with the cycle shapes attached 
to these classes via the total permutation action (cf. of G(?) on the 24 = 2.24/(£ — 1) 
elements {+e; | i € Q(9 Y appearing in the signed permutation representation of GC? (cf. (BA). 
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124 1898 1636 — 149244 — 1454 — 12923262 — 9444 912 (3.20) 
Explicitly, the cycle shape attached to g € G®) is the total permutation Frame shape Tr?) = 
nen realised as the product (cf. of the signed and unsigned permutation Frame shapes 


attached to G9? (cf. Table [15). 


Remark 3.9. The conjugacy class labelled 2C in Table [9] consists of elements of the form gz 
where g belongs to the class 2B (denoted T above) and z is the central involution of G), so 
we obtain exactly the nine conjugacy classes of (3.19) by considering products gh where g and 


h are involutions in the class 2C. 


Remark 3.10. In [IOI] an analogue of McKay’s monstrous Es observation is found for Maz. 
Namely, it is observed that there are exactly nine conjugacy classes of elements of M»4 having 
representatives of the form gh where g and h belong to the class labelled 2A in Table[8}this is 
the class with cycle shape 1828 in the defining degree 24 permutation representation—and the 
nodes of the affine Es Dynkin diagram can be labelled by these nine classes in such a way that 
their orders recover the highest root labelling. This condition leaves some ambiguity as to the 
correct placement of the two classes of order 2, and similarly for the pairs of orders 3 and 4, 
but an analogue of the procedure described in [102] is shown to determine a particular choice 
that recovers the original correspondence for the monster group via the modular functions of 
monstrous moonshine. Observe that if we express the GO ~ Mas labelling of the affine Es 
diagram given in [101| using cycle shapes to name the conjugacy classes then we recover exactly 


the labelling (3.20) obtained here from G®) ~ 2.Mj5. 


In case £ = 4 let T denote the conjugacy class of elements g of order 2 in G(? such that 
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g has 4 fixed points in the unsigned permutation representation of G™ but has 2 fixed points 
and 2 anti-fixed points in the signed permutation representation. This is the conjugacy class 
labelled 2C in Table [0] and we have x = 0 and x = 4 in the notation of Table [16] Then 
T? is the union of eight of the sixteen conjugacy classes of G and we use these classes (and 
the notation of Table[10) to label the nodes of the affine Ez Dynkin diagram in (3.21). 


2B 


14 —— 2C —— 3A —— 4€ —— 6A —— 4A — 24 (3.21) 


In (8.22) we replace the labels of (8.21) with the cycle shapes HO) (cf. Table[I6) attached to these 
classes via the degree 8 permutation action of G@) on Q). The orders of these permutations 
are the orders of the images of the corresponding elements of G(? under the map G(9 > G@) 
so the labelling (3.22) demonstrates that we recover the highest root labelling of the affine Ez 
Dynkin diagram when we replace the conjugacy classes of with the orders of their images 


in GO, 
91 


1° 1422 1232 — 12214! — 123? 21 18 (3.22) 


In we replace the labels of with the cycle shapes of degree 24 given by the products 
rt? nim (cf. Table 16) for g an element of G(? arising in (3:21). Observe that all the 
cycle shapes in (3.23) are balanced, meaning that they are invariant (and well-defined) under 
the operation [[,.; km 0 — IL, (0/47 for some integer N > 1, and constitute a subset 
of the cycle shapes attached to G(9 in (8.20). Observe also that the order two symmetry of the 
affine E; diagram that identifies the two long branches is realised by squaring: the cycle shapes 
obtained by squaring permutations represented by the cycle shapes on the right-hand branch of 


(3.23) are just those that appear on the left-hand branch. 
212 


124 1898 1636 == 149244 = 12923262 == 2444 


1828 (3.23) 


Remark 3.11. It is interesting to note that while the conjugacy class 2C is stable under multipli- 
cation by the central involution there are just eight conjugacy classes of G that are contained 


in T? when T is the class labelled 44 in Table[10] In fact the eight conjugacy classes appearing 
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are 8A together with all those of except for 4C. Thus we obtain analogues of the labelings 
(3:21), (8.22) and (8:23) where 4C, 122141 and 112244, respectively, are replaced by 84, 4? and 
4282, respectively. Under this correspondence the highest root labelling is again obtained by 
taking orders in G(2, but while the eta product attached to 428? is multiplicative it only has 
weight 2 (i.e. less than 4) and so does not appear in [101]. 


Remark 3.12. The correspondence of may be viewed as attaching the nine multiplicative 
eta products of weight at least 4 to the nodes of the affine Eg Dynkin diagram when we regard a 
cycle shape [],,5, kW as a shorthand for the eta product function [],,5, n(k7)™™ (cf. AT). 
Observe that the cycle shapes appearing in (3.23) are just those whose corresponding eta prod- 
ucts are multiplicative, have weight at least 4, and have level dividing 24. (The eta products 


defined by 1254 and 3° have level 5 and 9, respectively.) 


For £ = 5 the Dynkin diagram A? = Eg admits a Sym group of automorphisms. Folding 
by either of the three-fold symmetries we obtain the affine Dynkin diagram of type G2. Let T 
be either of the two conjugacy class of elements g of order 4 in G) such that g? is central. 
Then we have x = xe = 0 in the notation of Table[I7]and T is either the class labelled 4A in 
Table [IJ or the class labelled 4B, and there are exactly three of the fourteen conjugacy classes 
of G) that are subsets of T?. In we use these classes (and the notation of Table[IT] to 
label the affine G» Dynkin diagram. 


nO 
2A — — 2C — — 6A (3.24) 
— 


In (8.25) we replace the labels of (8.24) with the cycle shapes HO) (cf. Tablel17) attached to these 


classes via the degree 6 permutation action of G® on Q©), 


The orders of these permutations 
are the orders of the images of the corresponding elements of G(%) under the map G9) — GO) 
so the labelling (3.25) demonstrates that we recover the highest root labelling of the affine G> 
Dynkin diagram—which is the labelling induced form the highest root labelling of Eg—when 


we replace the conjugacy classes of (3.24) with the orders of their images in G9, 


1292 32 (3.25) 


— 


16 


For £ = 7 the Dynkin diagram AM = Da admits a Sym, group of automorphisms. Folding 
by any three-fold symmetry we again obtain the affine Dynkin diagram of type Go. Let T be 
the unique conjugacy class of elements of order 4 in G(?. Then we have xP = x? — 0 in the 
notation of Table [I8] and T is the class labelled 4A in Table [2] and there are exactly three of 
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the seven conjugacy classes of G™ that have a representative of the form gh for some g, h € T 
(and T? is the union of these three conjugacy classes). In (3.26) we use these classes (and the 


notation of Table[12] to label the affine G> Dynkin diagram. 
4 07x 
14 —— 44 — — 2A (3.26) 
— 


In (8.27) we replace the labels of (8.26) with the cycle shapes rit? (cf. Table[I8) attached to these 
classes via the degree 4 permutation action of G™ on Q(?. The orders of these permutations 
are the orders of the images of the corresponding elements of G(? under the map GO) — GO so 
the labelling demonstrates that we recover the labelling of the affine Gz Dynkin diagram 
that is induced by the highest root labelling of D4 when we replace the conjugacy classes of 


(3.26) with the orders of their images in G(?. 


14 92 14 (3.27) 


XA 
We summarise the results of this section with the following statement. 


For £ € {3,4,5,7} there is an analogue of McKay’s monstrous Eg observation that 
relates G to (a folding of) the affinisation of a Dynkin diagram of rank 11 — £, and 
the diagrams arising are precisely those that appear in 82.5] 


We conclude by mentioning that McKay’s monstrous observation has partially been ex- 
plained, using vertex operator algebra theory, by the work of Sakuma |103| and Lam-Yamada- 
Yamauchi [104] [105]. Important related work appears in [106] [107]. 


4 McKay-Thompson Series 


In we made the observation that the first few positive degree Fourier coefficients of the 
vector-valued mock modular forms H = (uf?) coincide (up to a factor of 2) with dimen- 
sions of irreducible representations of the group G) described in the previous section. This 


observation suggests the possibility that 


HO (r) = V d (k — 1? /At)g"-/* = —2.,47 V+ Y” dim KO) ap M (44) 


keZ, keZ 
r?—Akt«0 


for some Z x Q-graded infinite-dimensional G(Ó-module K) = Q.a RS. To further test 


this possibility we would like to see if there are similar vector-valued mock modular forms 
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H. (D = ( FEY whose positive degree Fourier coefficients recover characters of representations of 
G(), In other words, for an element g of the group G we would like to see if we can find a 


mock modular form H (0 compatible with the hypothesis that 


HC = (0 (k — 2/40 k-r^/4& — _98,, —1/4£ tr k—r? /4£ 42 
(7) = ek — r° /40)q ag E+ Y) tree, (a (4.2) 
k keZ 
r? Aktc0 


for a hypothetical bi-graded G-module K). We refer to such a generating function as a 
McKay- Thompson series. Notice that we recover the generating functions of the dim K d when 
g is the identity element. Moreover, the McKay- Thompson series attached to g € G) is 
invariant under conjugation, since the trace is such, so H 0 depends only on the conjugacy class 
[g] of g. 

Having such McKay-Thompson series for each conjugacy class of G not only provides 
strong evidence for the existence of the G®)-module KW but in fact it uniquely specifies it up 
to G® -module isomorphism. This is because, since there are as many irreducible representations 


as conjugacy classes of a finite group, given the characters tr, (g) for all [g] C G we can 


KO 
simply invert the character table to have a unique Ascoribogitios of the conjectural module 
K a into irreducible representations. What is not clear, a priori, is that we will end up with 
a decomposition into non-negative integer multiplies of irreducible representations of G), but 
remarkably it appears that this property holds for all £ € A and all bi-degrees (r, d). For evidence 
in support of this see the explicit decompositions for small degrees tabulated in 9D] 

In this section we construct a set of vector-valued mock modular forms HY? = (ac for 


each lambency £ and we formulate a precise conjecture implying (4.2) in $5.1] 


4.1 Forms of Higher Level 


In $2] we have discussed the relation between certain vector-valued mock modular forms, mero- 
morphic Jacobi forms of weight 1 and Jacobi forms of weight 0 under the group SL2(Z). In 
order to investigate the McKay- Thompson series of the groups G we need to generalise the 
discussion in Q2.5]to modular forms of higher level and consider forms transforming under T'o (N) 
(cf. (&:2)) with N > 1. 

As in 42] we would like to consider (£ — 1)-vector-valued mock modular forms (H£) for a 
group To(N,) < SL2(Z) with shadow given by the unary theta series S(? (cf. (2-26)). The levels 
Ny will be specified explicitly for all g in A first difference between the case of Ng = 1 and 
Ng > 1 is the following. Since the components of S (4) = (si) have more than one orbit under 


To(N,) when N, is even it is natural to consider mock modular forms with shadows given by 
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se) where the x) are not necessarily equal for different values of r. It will develop that 


in the cases of interest to us x depends only on r modulo 2. In fact, we will find that 


O x, for r=0 (mod 2); 


x, forr=1 (mod 2); 


where x? and x? are as defined in Q3.4] and as tabulated in 


Group theoretically the multiplicities x and xD appearing in the shadow of HO are 


determined by the number of fixed points and anti-fixed points in the signed permutation rep- 


resentation of the group G), as explained in §3.2] For instance, we have x? = x? = x for 


the identity element g = e. From this interpretation we can deduce that the vanishing of x 


implies the vanishing of xD. while it is possible to have xD — 0 and x #0. It will also turn 


out that 
xD =x unless 2|N,. (4.4) 
For later use we define the combinations 
(0) (2 p £ (£ p 
Xe = HR ox) x$L = 3069 XP). (4.5) 


which enumerate the number of fixed and anti-fixed points, respecitlvely, in the signed permu- 
tation representation of G (cf. (3.3]3.4)). Of course in the cases where xt = x = 0 the 
function HP = (H $e) has vanishing shadow and is a vector-valued modular form in the usual 
sense. 

Interestingly, just as in the SL2(Z) case that was considered in the higher level vector- 
valued mock modular forms with shadows as described above are again closely related to the 


finite parts of meromorphic Jacobi forms of weight 1. More explicitly, from the transformation 
(2:29) and the simple fact 0” (7,2 + 1/2) = OS (7, z) it is not difficult to check that the 


function 
£—1 
2 (2 De À 
yo (7,z) = XC ub Mr, z) — xe ub Yr, 2+1/2) + >` H(0(r)0 (T, z) (4.6) 
p=1 


transforms as a Jacobi form of weight 1 and index £ under the congruence subgroup To( Ng) when 
HY? is a mock modular form of weight 1/2 for Iy(WV,) with shadow sP = (Se), Observe 
that, for those g with both x and x being non-zero, the weak Jacobi form po (Tr, z) has 
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a pole not only at z = 0 but also at z = 1/2. From 


y+l 


us (z, z) = Av E = 


_,0 aO |Y 
p Paz = av? (E, (4.7) 


we see that the last two terms of the decomposition given in (4.6) have the interpretation as 


the polar parts at the poles z = 0 and z = 1/2, respectively. In other words, we again have a 


decomposition yo = yA? + par into polar and finite parts given by 


BOP (7, 2) = xu (r2) — x nr, 2 1/2), 
£—1 . (4.8) 
BOP (r, z) = Y EAN (r, 2), 
r=1 
£) 


and the components HÉ r of the mock modular form HO may again be interpreted as the 


theta-coefficients of a meromorphic Jacobi form; namely, yo (T, z). 


Moreover, analogous to the SL2(Z) case, the mock modular form HY? 


relationship with a weight 0 index í — 1 weak Jacobi form gi which admits a decomposition 


also enjoys a close 


into characters of the N = 4 superconformal algebra at level £ — 1. 'To see this, observe that 


(£) (0) 
LO (7, 2) = Ear 2) ZP(r 2) — E Wa alr, 241/22 (r,2+1/2) (49) 
Xg Xg 
(e) 
when Xy” #0 and 


yO lr, z) = VW 1(7,z) Zi? (r, z) (4.10) 


when x = 0, where V, (7, z) is as in (2.20) and Zh is the weak Jacobi form of weight 0 and 
index í — 1 given by 


1 E XS? — x$a ; 
zo icu A (0) , C) > 1449 AGT) gu "o 4.11 
g Es z) Wiis, z) (s Ho (T, z) + . T x ot) q Un z) ( ) 


for x? # 0 and 


A na=z (Pea D AS) (4.12) 


1,1(7, 2) 
otherwise. 

Anticipating their relation to the conjugacy classes [g] of GU), another comment on the 
weight 0 forms ZÍ) is in order here. As discussed in 432] if £ € A and £ > 2 then GÚ has a 
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unique central element z of order 2 and for any g € G the conjugacy casses [g] and [zg] are 


said to be paired, and a class [g] is said to be self-paired if [g] = [zg]. We have 


Xg = Xzg > x) = = x, (4.13) 


and as a consequence ZO (r, z) = Z (r, z). Therefore, while the vector-valued mock modular 
forms HY? and the weight 1 meromorphic Jacobi forms po (r,z) are generally distinct for 
different conjugacy classes [g] of the group GM, the weight 0 index £ — 1 weak Jacobi forms 
ZO cannot distinguish between two classes that are paired in the above sense and are more 
naturally associated to the group G which is the quotient of G by the subgroup (z). 
Equipped with the H® defined in terms of decompositions of Jacobi forms as discussed in 
42.5] it will develop that a convenient way to specify the vector-valued mock modular forms 
H. (0) = (H. ®) corresponding to non-identity conjugacy classes of G will be to specify certain 
sets of weight 2 modular forms. To see how a weight 2 modular form is naturally associated 
with a vector-valued modular form with the properties described above, observe that we can 
eliminate the presence of the polar part in the weight 1 Jacobi form WoO (r, z) (cf. (4.6)) by 


taking a linear combination with 7 (r, z). To be more precise, note that 


£—1 (£) (£) 

Ë ^ ^ X Xg,— 

BO (2) = Y AD) = (2) — GU + cd dna e1/2) (414) 
r=1 


(7) = H(D(r) — X HO (r) (4.15) 


are the components of a vector-valued modular form HO for To(N,) in the usual sense (i.e. a 


mock modular form with vanishing shadow). From this we readily conclude that the function 


£—1 


FO (7) = Y ARMS =- 0 (02), 


r=1 


(4.16) 


is a weight 2 modular form for the group I'o(.N;). 

For general values of £, specifying the weight 2 form FO (r) is not sufficient to specify the 
whole vector-valued modular form H, (0 since we have evidently collapsed information in taking 
the particular combination (4.16). However, for £ € {2,3} we are in the privileged situation that 
specifying the weight 2 form E (7) completely specifies all the components of H 2 as will be 
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explained in more detail in the following section. For £ > 3 we need more weight 2 forms, and 


we will also consider 
£-1 


F(0?(7) = y (-1 BO (7) 8, tr. (4.17) 

r=1 
In the next section we give our concrete proposals for the McKay- Thompson series H, "d for 
all but a few of the conjugacy classes [g] arising. We give closed expressions for all the HO in 
case l € {2,3,4,5} and we partially determine the HO for £ = (7,13). Although we do not 
offer analytic expressions for all the H; (D with £ = 7 or £ = 13 we have predictions for the low 
degree terms in the Fourier developments of all the McKay- Thompson series at all lambencies 


£ € A and these are detailed in the tables of 


4.2 Lambency Two 


[g] Ng Fy” (7) 

1A 1 0 

2A 2 —16A» 

2B 4 24A5 — 8A4 = —2n(r)° /n(27)* 

3A 3 —6A3 

3B 9 -2n(7)9 /n(37)? 

4A 8 —4Aə + 6A4 — 2Ag = —2n (27) /n(4r)* 

4B 4 4(A2 — A4) 

4C 16 —2n(r)*n(27)? mary? 

5A 5 —2Ns 

6A 6 2(A2 + A3 — Ag) 

6B 36 —2n(7)?n(2 2 (37)? /n(67)? 
"TAB 7 Az 

8A 8 iy. — Ag 

104 20 —2n(r)*n(27)n(57)/n(107) 

14 11 2(—Aq + 11fi1) 

12A 24 —2n(7)°n(47)?n (67)? /n(27)n(37)n(127)? 
12B 144 —2n(r)*n(47)n(67) /n(2r)n(127) 
MAB 14 l(Ao + Az — Avg + 14f14) 
15AB 15 C osos x 
21AB 63 $(—7n(7)3n(7r)3/n(3r)n(217) + n(z)°/n(37)2) 
23AB 23 Tr (— A23 + 23fə23 a + 69 f23,b) 


Table 3: The list of weight 2 modular forms ES (T) for l'o(N;). 


(2 


When £ = 2 the vector-valued mock modular form H; 2 


) has only one component H e and our 
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) 


conjecture relating the HE and the group G) is nothing but the conjecture relating (scalar- 


valued) mock modular forms and the largest Mathieu group M24 that has been investigated 
recently [19] [24] [20] [21] [22] [108] [109]. See also [110] for reviews and for 
related discussions. Explicit expressions for the McKay- Thompson series arising from the M24- 
module that is conjectured to underlie this connection have been proposed in [22]. 
As mentioned before, one convenient way to express them is via a set of weight 2 modular forms 


FO (7). In this case (4,154.16) simply reduces to 


(2) (2) 
x Fg G) 
Hilo) = 51 HY (r) + "OL I (A.18) 


where we have used x?) = 24 and gs) (T) = n(r)?. For later use and for the sake of completeness 
we collect the explicit expressions for Fr) for all conjugacy classes [g] C Ma4 in Table [B] 
They are given in terms of eta quotients and standard generators of the weight 2 modular forms 
of level N. Among the latter are those denoted here by Aw(7) and fw(7) and given explicitly 
in Appendix [A] 


4.3 Lambency Three 


We would like to specify the two components H e) (r) and H Cr) of the vector-valued mock 
modular form (H &) (r)) which we propose to be the McKay—Thompson series arising from the 
G)-module K). As mentioned earlier, to specify Her) and H (T) it is sufficient to specify 
the weight 2 forms defined in (4.16). To see this, recall that to any given conjugacy class [g] we 


can associate a conjugacy class [zg] such that (4.13) holds. From this we obtain 


(3) 27)? 
X NUT 
(3) i (on) (4.19) 
Bi _ X9 prl) eT, (3) (3) 
H = —H. -— (F -F 
g,2(T) MON (r) + 4 n(t)2n(47)2 ( q(T) zg (7)). 
where we have used the eta quotient expressions 
27)” 3) n(r)?n(47)* 
sm- "OT — 96 = 2 (4.20) 
! nar?" ^? nr) 


for the components of the unary theta series at í = 3. 
The explicit expressions for ES (7) are listed in Table [A] 


We also note that for the classes 3B and 6B we also have the following alternative expressions 
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[o] Ng Fy” (7) 

1A 1 0 

2A 4 0 

4A 16 —2n(7)4*n(27)?/n(4r)? 

2B 2 —16A2 

20 4 16(Aə — A4/3) 

3A 3 —6Az 

6A 12 —9Aə2 — DAS + 344 + 346 — A12 

3B 9 8A3 — 249 + 2n (T)/n? (37) 

6B 36 —2n(rn(37)/n(27)n(67) 

4B 8 —2n(27) /n(47)* 

AC 4 —8A4/3 

5A 5 —2Ns 

10A 20 ? /ajo CioA(d)Aa + 20 fog 
12A 144 —2n(r)n(27)?n(37)/n(47)?n(67) 

6C 6 2(A2 + Az — Ag) 

6D 12 —5A2 — 243 + A4 + 346 — Aro 
SAB 32 —2n(2r)*n(47)? /n(87)* 
8CD 8 —2A2 + ¿As — Ag 
20AB 80 —2n(27)'n(57) /n(r)n(47^n(107) 
MAB 11 -£Au- fu 


22AB 44 Y au eoAB(d)Aa(7) — E Y aa o Ap(d)fu(dr) + fur) 
cipA (d) = —5, 8, —2,1, — 1 for d = 2, 4,5, 10, 20 
co;Ap(d) =-Y, E, => z, — for d = 2, 4, 11, 22, 44 
sap (a) = 1,4,8 for d = 1,2,4 


Table 4: The list of weight 2 modular forms ES (r) for To(Wy). 
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for the McKay- Thompson series in terms of eta quotients: 


3 3 n(z)n(6r)° 3 3 n(r)n( ° 
He) = Hi = EST HS? o(7) = =H atr) as earner) a 


Coincidences with Ramanujan’s mock theta functions will be discussed (4.7). 


4.4 Lambency Four 


The McKay- Thompson series for lambency 4 display an interesting relation with those for 


lambency 2. To see this, notice the following relation among the theta functions 

SC? (27) — S (27) = s? (n). (4.22) 
Given this relation it is natural to consider the function 

Hito) = HA) - Hia (7) (4.23) 


for each conjugacy classe [g] of G). Note that B (T) and H (T) can be reconstructed from 
HY (T) since they are q-series of the form q-!/16 times a series of even or odd powers of q!/?, 


respectively. Explicitly, we have 


Hr) 


I 


(D + e( 1) gu 
(ae E (3) Hox (7 +1) (4.24) 


4 4 4 
Hy3(7) = 3( ~ Hj (r) + eG) Hon (r + 1). 

In order to obtain an expression for H. 9 (T) we rely on the following two observations. First, 
recall in 83-4]we have observed a relation between the Frame shapes of g € G(? and g' € GP. It 
turns out that for a pair of group elements g € G and g' € G) related in the way described 
in Proposition [3.4] their MeKay Thompson series HP (27) and H bate are also related in a 
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simple way. As examples of this we have 


H3 ur) — 85.0) 5826/3) 
HO ess 
HT dr) ur 
HS et (an r2) (4.25) 
i = HE(r/2) 
Hi ss H9) 
Hrs) His estis. 


This leaves us just the classes 4A, 4B, and 8A that are not related to any element of G?) ~ Mo4 
in the way described in Proposition [3.4] All of these classes have x = xe» = 0. A second 
observation is that all the HQ) (T) for those classes [g] C GC? with Xx = xe — 0 have an 
expression in terms of eta quotients according to Table [4] and so do the HP (T) for those 
classes [g] c G) with xP = = 0. This is consistent with our expectation that the shadow of 
the vector-valued mock modular form (HS (7) is given by (x sr )), and hence (ar) 
is nothing but a vector-valued modular form in the usual sense when xp = ) = xe ) = 0. Given 


this it is natural to ask whether we can find similar eta quotient expressions for H. 9) (7) with 
xP = xh =0 when £ > 3. We find 


t ey = tef 


nar?” 
(4) _ nG/2)n(» 
H pa (r) = Nan” (4.26) 
(4) m9 ñ) 
eae) 7 rayas 


Together with and Table [3] the above equations completely specify H a (7) and 
H Or) for all conjugacy classes [g] of G(?. We are left to determine the second components 
HO). To start with, we have HO (r y= H a (z ) = -HO (7) given in terms of the de- 
composition of the weight 0 Jacobi form as explained in 82.5] To determine the rest, notice that 


(4.13) and (4.16) implies that 


(4) 
X 
Str) (a20 . s zu) (4.27) 
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should be a weight 2 modular form. Employing this consideration we arrive at 


= THP Gr) + ——s [ - Biol) — a(x) + As(7)), 
4 2n(27)? (4.28) 
HË y a lr) = Hagalo) | 
7AB,2 14AB,2 
1 | (4) 1 
= 5Hy(r) + = =. — TA2(r) = 4Ar(7) + Aua(r) + 28fia(r)), 
where we have used S a Mr) = 29(27)? and the hypothesis that 
HZ (r) =0 (4.29) 


for all classes not in the set {1A,2A,3A,6A,7AB,14AB}. This finishes our proposal for the 
McKay- Thompson series (Hy. E 2) at € = 4. Coincidences between some of the H (4) and Ramanu- 


jan’s mock theta functions will be discussed in 84.7] 


4.5 Lambency Five 


As mentioned before, for £ = 5 it is no longer sufficient to specify the weight x forms F. (O) ) 
as defined in . In this case we also need to specify the weight 2 forms p ^(r) defined in 


ar. 


With the data of FO) and pe (r) we can determine the HË) using the relations 


(5) 


ANO) = ALO + 22 nr) (4.30) 
and 
AOS (7) + AROS () = (EP (7) + FG) 
AOS (7) + AROPE) = 3 (FOP) + m 
HESS?) + B5 O= (FG) FG) | 
B (sf + ASP c) (acus Er) 


where g and ¿g again form a pair satisfying (4.13). 
Moreover, notice that in FE)? (7) the part of the sum involving even r has an expansion in 


q!/^** for non-negative integers k, while the sum over odd r has an expansion in q?/4+*, As 
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[| N FP) Feo) 

1A 1 0 0 

2A 4 0 0 

B 4 16(Ao — A4/3) nr /n(7/2)* 

lo 2 —16A2 e(1) FI? (7 4-1) 

3A 9 —2n° (T) h? (37) (xime sell 

6A 36 —2(r)?n(27)?n (37)? /n(67? 2(7/2)?n(7)?n(37)? /n(37 /2)* 
4AB 16 —2n (27)! /n(7)*n(47)8 —16n(z)2n(4r)° /n(27)* 
4CD 8 -8/3A4(7) — 2 n(2r)2n(4r)2/n(z)° 
5A 5 —2As AD Fon (r +1) 

10A 20 2 "ao C104 (d E d m m C104, E de + 2 foo(r/4) 


cioA (d) = 57 3.3, ,1,-4 for d = 2, 4, 5, 10, 20 
coa 2 (d) =—% 2-53, — 3 for d = 2,4,5, 10, 20 


Table 5: The list of weight 2 modular forms FY) (T) on To(WV,) and the other set of weight 2 
52r) 


modular forms Fy 


a result, it is sufficient to specify FO? (7) for one of the paired classes g and zg as they are 
related to each other by 
F(?(r) = e(1) FP r 4 1). (4.32) 


Using (4.3014.32), the data recorded in Table[5|are sufficient to explicitly specify all the mock 
modular forms HO (T) for all [g] C GC? at lambency 5. 


4.6 Lambencies Seven and Thirteen 


For í = 7, apart from the 1A and 2A classes whose McKay-Thomson series have been given 
in terms of the weight 0 Jacobi form Z(? in Q2.5] there are five more classes 3AB, 4A, and 
6AB whose McKay-Thomson series HP we would like to identify. We specify the weight 2 
forms associated to these classes. Notice that these expressions are not sufficient to completely 
determine all the components HS. Nevertheless, they provide strong evidence for the mock 


modular properties of the proposed McKay- Thompson series. 


7 
FA 


(7) 
Fab 


(7) 
FAB 
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Similarly, for lambency 13 we have 


_ Mery 
ee 
2 T)8n(47)? 
EL?) = IAE ES L, " 
(r) = —6Aa(7), (133 
(r) = —9A»(T) = 2A3(7) + 3A4(7) =F 3A6(T) = Aya[7), 
FAQB (dr) =—GAnlr) — As(r) + ZAalr) + ¿As(7) — S An). 
IA nar)” 
ROT TEP (4.34) 
pO326) > Og nar 
4AB nen ` 


4.7 Mock Theta Functions 


As mentioned in $2.1]we observe that in many cases across different lambencies the components 


H (o of the McKay Thompson series coincide with known mock theta functions. In particular, 


we often encounter Ramanujan's mock theta functions, and always in such a way that the order 


is divisible by the lambency. In this section we will list these conjectural identities between H. pe 


and mock theta functions identified previously in the literature. 


For £ = 2 two of the functions H, (2) (7) are related to Ramanujan's mock theta functions of 


orders 2 and 8 (cf. (2.7)) through 


HÊ (r) =-2 Pulg, 


(2) (4.35) 
Hia (z) = —2q 5 U(q). 
For í = 3 we encounter the following order 3 mock theta functions of Ramanujan: 
HO = Hí) = 44 — _oa_1/12 fp 
28,1(7) = aca (7) = Aca (7) = —4d f(q^), 
Hie, (7) = HED (r) =-2 Pd), 
HQ (r) = HG) (r) =P), (4.36) 
3 3 
Hj (z) = -H30 (7) = 4d Pg), 
3 3 
HE (r) = Hip ar) = 24 p(—g) 
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(Cf. (2.9).) The description of the shadow of H, (3) is consistent with the fact that, among the 
seven order 3 mock theta functions of Ramanujan, f(T), o(7), Y(T) and x(r) form a group 
with the same shadow (Sr) while the other three w(7), v(7) and p(T) form another group 
with another shadow (S (3 ) (r)). Moreover, various relations among these order 3 mock theta 
functions can be obtained as consequences of the above identification. 


For £ = 4 we encounter the following order 8 mock theta functions 


1 


H$ (z) = 97% ( — 280(4) + 4To(a)), 

Hicalr) = q% (251 (4) — 4T1(4)), T 

HiQ (z) = —2q 16 So (q), 

YQ (r) = 24% Sala) 

(Cf. (2.11).) Comparing with (2.7) we see that our proposal implies the identities 
(q) = Sola?) — 2To(4?) + a(Si(a?) — 271 (47)) 
= Uo(q) — 2U1(q), 

o(q) 1(q) (ido 


between different mock theta functions of Ramanujan. See, for instance, for a collection 
of such identities. 
For £ = 5 we encounter four of Ramanujan’s order 10 mock theta functions: 
5 5 = 

Hago (z) = Hiepa(7) = —2q 5 X (8°), 
HO = Ho =-2 —35 2 
2BC,3(T) = icp,3(T) = q x10(q"), (4.39) 
5 5 zd ` 
HSE (r) = Hip (7) = 24 5 hog), 


EA 
HS? (r) = -HG ¿(7) = —2a* ¢10(—4). 


I 


(ct. C.) 


4.8 Automorphy 


In this section we discuss the automorphy of the proposed McKay- Thompson series HO = 
(H. M. As mentioned in {4]] the function HO is a vector-valued mock modular form with 
shadow (x, S) for some L; C SL>(Z) with a certain (matrix-valued) multiplier vg. In this 


subsection we will specify the group Tg and the multiplier vg. The multipliers we specify here 
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can be verified explicitly using the data given in 884.2|4.6] (except for the few conjugacy classes 
at L = 7 and í = 13 for which the McKay Thompson series H, {0 have not been completely 
determined). 

We find that the automorphy of the vector-valued function HO is governed, in way that 
we shall describe presently, by the signed permutation representation of G'” arising from the 
construction (as a subgroup of Oct, for m = 24/(€—1)) given in 93.4] We use this representation 
to define the symbols ng\h, which appear in the second row of each table [20/47] and also in 
the twisted Euler character tables and we will explain below how to use these symbols 
to determine the multiplier system for each HY. It will develop also that the twisted Euler 
character g — x? (cf. Tables [I4]19) attached to the signed permutation representation of GM 
determines the shadow of HY. 

Recall from that the signed permutation representation of G naturally induces a 
permutation representation of the same degree, and this permutation representation factors 
through the quotient G(Ó = GM /2 of G by its unique central subgroup of order 2 (except 
in case £ = 2 when the signed and unsigned permutation representations coincide, and we have 
GO) = GO). Let g + g denote the natural map G(Ó — G™ and observe that (for £ > 2) 
if the unique central involution of G belongs to the cyclic subgroup (g) generated by g then 
o(g) = 20(g) and otherwise o(g) = o(g). We say that g € G(? is split over G in case o(g) = o(g) 
and we call g non-split otherwise. (By this definition every element of G) = GO) is split.) 

Recall from $3.4]that ç > rt denotes the map attaching signed permutation Frame shapes 
to elements of G and g > HO) denotes the Frame shapes (actually cycle shapes) arising from 
the (unsigned) permutation representation (on m = 24/(£ — 1) points). Taking a formal product 
of Frame shapes fit? = mT (defined so that j7™1j™2 = ¡MiéFM2 &c.) we obtain the Frame 
shape of g € G regarded as a permutation of the 2m points {+e;} for i € Q© (cf. 3-4). In 


particular, f. is a cycle shape and none of the exponents appearing in ns are negative. Given 
g € G® and II, = jf +--+, with ji <- < jk and mj > 0 define Ng = jijk. That is, set Ny 


to be the product of the shortest and longest cycle lengths appearing in a cycle decomposition 


for g regarded as a permutation on the 2m points (+e,). Now define the symbols ng|h, by 
setting ny = o(g) for all g € G and all / € A, and by setting hy = N,/n, for all g € GO and 
£ € A except when £= 4 and g is non-split in which case set hy = N,/2ng. The symbols ny|hy 
are specified in Tables[14][19] and also in Tables[20]477] in the rows labelled Ty. We omit the |h, 
when hg = 1, so ng is a shorthand for n,|1 in these tables. 

The significance of the value ng is that it is the minimal positive integer n for which H (D is 
a mock modular form (of weight 1/2) on To(n), and the significance of hg is that, as we shall 


see momentarily, it is the minimal positive integer h for which the multiplier for H (0 coincides 
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with the conjugate multiplier for the (vector-valued) cusp form S$‘ when restricted to T'o(nh) 
(for n = ny). Since nghg < Ny for all g the multiplier for HY coincides with the conjugate 
multiplier for SV when regarded as a mock modular form on l'o(.N,) for all g. It is very curious 
that this coincidence of multipliers extends to the larger group To(W,/2) in the case that £ = 4 


and g is non-split (i.e. o(g) = 20(g)). 


Table 6: Admissible vo 
í 2 3 4 5 7 13 
U 1 5 3 T l 7 


Given a pair of positive integers (n, h) we define a matrix-valued function P. on I'o(n) as 


follows. For each £ € A let the integer v be as specified in Table[6] When A divides n we set 
(r= e (post), 4.40 
p, C1) =e V mI ed (4.40) 


where I;.., denotes the (£ — 1) x (£ — 1) identity matrix. When h does not divide n and n is 
even we set 


£ cd (n, h) c(d nji-c/n 
Printer) = e ` IR, “ey 


where (n,h) denotes the greatest common divisor of n and h, and J¿_1 and Ke_, are the 


(€—1) x (€—1) matrices given by 


1 0 0 0 0 - 0 0 1 
0 —1 0 0 0 0 1 0 
Jj. 12|0 0 1 0 , Key1=] 0 1 0 Of, (4.42) 
0 0 O (—1)“ 1 0 0 0 
and when h does not divide n and n is odd we set 
Oro ed n ¿(qumi cen 
D, C) =e ( u nh (n, h) Joi Ki (4.43) 


Now the multiplier system yo for the umbral mock modular form HY? is the matrix-valued 


function on l'o(n) =To(n,) given simply by 


vP = Wh = Pine (4.44) 
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where n = ng and h = hg and 0%) = (ol) 


the (vector-valued) theta series S$ (cf. (2:26)) and satisfies 


) denotes the (matrix-valued) multiplier system for 


a? (y)8 (yr)jae(y, A = SO(r) (4.45) 


for y € Do(1) = SL2(Z) where jac(y,7) = (cr + d) ? in case y has lower row (c, d). 
Recall from {B.4]that the character of G attached to its signed permutation representation 


is denoted g > x? in Tables [MITO] and that of the (unsigned) permutation representation is 


x. Define xt) for 0 < r < £ by setting x = x? in case r is even and 


denoted g > 
xi. = x otherwise. Then the shadow of Ht) is the function s = (st) with components 
related to those of S by si = 2.5. In particular, HO is a vector-valued modular form 
of weight 1/2 for To(n¿) when xP = zP = 0. 

To summarise, we claim that our proposed McKay-Thompson series HO? are such that if 


we define Hi? = (AL) by setting 


(£) ioo 
> 1 
AO0(m=H, (Xt b l -1/25 (2Jd 4.46 

s) 9, (7) 9 (4i)1/2 E (z + T) P (2) 2 ( ) 
for 0 < r < £ then Ho is invariant for the weight 1/2 action of Po(n) on (£ — 1)-vector-valued 


functions on H given by 
e "A ) (r) = vs (NAPO jac(y, 7/4 (4.47) 


where n = ng and h = hy and v, |x is defined by (4.44). This statement completely describes 
the (conjectured) automorphy of the mock modular forms HY? (cf. 85.3). 


5 Conjectures 


We have described the umbral forms ZW, H(Ó and ® in Pland the umbral groups GO in 
J] and we have introduced families {Hi | g € GO} of vector-valued mock modular forms 
in The discussions of those sections clearly demonstrate the distinguished nature of these 
objects, and we have mentioned some coincidences relating the groups G( and the forms H (D 
directly. In this section we present, in a more systematic fashion, evidence that the relationship 
between the GU and the H(? is more than coincidental. Our observations lead naturally 
to conjectures that we hope will serve as first steps in revealing the structural nature of the 


mechanism underlying umbral moonshine. 
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5.1 Modules 


As was mentioned in §4] after comparison of the character tables (cf. of the umbral groups 
G) with the Fourier coefficient tables (cf. for the forms H. (D it becomes apparent that the 
low degree Fourier coefficients of H( = HO may be interpreted as degrees of representations 
of G® in such a way that the corresponding coefficients of HY are recovered by substituting 
character values at g; we have tabulated evidence for this in the form of explicit combinations 
of irreducible representations in {D] This observation suggests the existence of bi-graded G(- 
modules K (f) = BK is) whose bi-graded dimensions are recovered via Fourier coefficients from 


the vector-valued mock modular forms H = (12). 


Conjecture 5.1. We conjecture that for L € A = {2,3,4,5,7,13} there exist naturally defined 
Z x Q-graded G -modules 


KO = e Ko = e K ou (5.1) 
rez r,kcZ 


O<r<t O<r<£ 
such that the graded dimension of K is related to the vector-valued mock modular form H) = 
(Ae?) by 


HO(r) = 28 q M+ YY dim (KO ap) a (5.2) 
kez 
r?—Akl<0 
for q = e(r) and such that the vector-valued mock modular forms HP = (HY) described in 
(and partially in the tables of ÍO) are recovered from K via graded trace functions according 


to 


HO(r) = —26 q V4! + M^ true (gan, (5.3) 


keZ r,k—r2 /4e 
r2—4k£<0 
Remark 5.2. Recall that a superspace is a Z/2Z-graded vector space and if V = Vo @ Vj is such 
an object and T : V — V is a linear operator preserving the grading then the supertrace of T 
is given by stry T' = try, T' — try, T' where trw T' denotes the usual trace of T on W. Since the 
coefficient of q- 1/4 in Ha is e) (—1/44) = —2 for all g € G( for all £ it is natural to expect 
that this term may be interpreted as the supertrace of g € G) on a trivial G(Ó-supermodule 
K m jae With vanishing even part and 2-dimensional odd part. Thus Conjecture B.T] implies 
the existence of a G(Ó-supermodule KW = BK ie such that K ue is purely even or purely odd 
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k—r? [r£ 


according as d is positive or negative, and such that H o = Y y Str g (g)q for each 


r,k—r2 /4e 


O0<r<flandge CG. 


Remark 5.3. For £ € A and 0 < r,s < £ we have that r? = s? (mod 40) implies r = s so the first 
index r in K r can be deduced from d since it is the unique 0 < r < £ such that d+ 72/40 is an 
integer. Thus we may dispense with the first of the two gradings on the conjectural G(Ó-modules 
K and regard them as Q-graded K = (p, KO by the rationals of the form d = n — r?/4£ 


for n € Z and 0 < r < í without introducing any ambiguity. 


5.2 Moonshine 


In the case of monstrous moonshine the McKay- Thompson series T; for g in the monster group 
have the astonishing property that they all serve as generators for the function fields of their 
invariance groups (cf. [1]). In other words, if TP, is the subgroup of PSL2(R) consisting of the 
isometries y : H — H such that T,(y7) = T,(r) for all 7 € H then T; induces an isomorphism 
from the compactification of T NH to the Riemann sphere (being the one point compactification 
of C). In particular, I'; is a genus zero subgroup of PSL2(R), and so this property is commonly 
referred to as the genus zero property of monstrous moonshine. 

By now there are many methods extant for constructing graded vector spaces with algebraic 
structure whose graded dimensions are modular functions—suitable classes of vertex algebras, 
for example, serve this purpose (cf. [11411115] ) —and so one can expect to obtain analogues of the 
McKay- Thompson series T, by equipping such an algebraic structure with the action of a group. 
But there is no guarantee that such a procedure will result in functions that have the genus 
zero property of monstrous moonshine, and so it is this genus zero property that distinguishes 
the observations of McKay, Thompson, Conway and Norton regarding the Monster group from 
any number of more generic connections between finite groups and modular functions. In what 
follows we will propose a conjecture that may be regarded as the natural analogue of the Conway— 
Norton conjecture for umbral moonshine. 

Suppose that T : H — C is a holomorphic function with invariance group I < PSL2(R) and 
a simple pole in q = e(r) as rT — ico. Suppose also that T' is commensurable with PSL2(Z) 
and that the translation subgroup l5, consisting of the elements of [ with upper-triangular 
preimages in SL2(R), is generated by 7 > 7 +1. It is shown in that such a function T is a 


generator for the field of T-invariant functions on H if and only if T'(r) coincides with the weight 
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0 Rademacher sum 


Ry(r) =Reg| > aha (5.4) 
yET NP 


attached to I'. The sum here is over representatives for the cosets of Po in T and f > floy 
denotes the weight 0 action of y on holomorphic functions (viz., (floy)(T) = f(yr)). We write 
Reg(-) to indicate a regularisation procedure first realised by Rademacher (for the case that 
T = PSL2(Z)) in [26]. According then to the result of [25] the genus zero property of monstrous 


moonshine may be reformulated in the following way: 


For each element g in the monster group the McKay—Thompson series T; satisfies 


T, = Rr, when I, is the invariance group of T}. 


This may be compared with the article [24] which considers the mock modular forms HY) 
attached to the largest Mathieu group G?) ~ Ms, via the observation of Eguchi-Ooguri- 
Tachikawa and applies some of the philosophy of to the problem of finding a uniform con- 
struction for these functions. The solution developed in [24] is that the function A 2) coincides 


with the weight 1/2 Rademacher sum 


Ra = Ref > a ann (5.5) 
yeTo\Po(n) I 


where n = ng and h = hg are integers determined by the defining permutation representation of 
Maa (cf. Table 14) and f > f|1/2njny denotes a certain weight 1/2 action of Po(n) determined 
by n and h. (We refer to [24] for full details.) By comparison with the previous paragraph we 
thus arrive at a direct analogue of the genus zero property of monstrous moonshine that holds 
for all the umbral forms with £ = 2: 


For each element g in the largest Mathieu group the McKay- Thompson series HP 


satisfies HP = RO) 


a when n = nç and h = hg. 


We conjecture that this genus zero property extends to all the functions of umbral moonshine. 


Conjecture 5.4 (umbral moonshine). We conjecture that for each £ € A and each g € G we 
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haue HY = RY 


h where n = ng and h = hg are as specified in and 


y 


0 
£ 
RM, = Reg y f 7 (5.6) 
yEr o NP0(n) : 


1/2,n|h 


is a vector-valued generalisation of the Rademacher sum a adapted to the weight 1/2 action 


of Vo(n) on (£ — 1)-vector-valued functions on H that is defined in [4-47]. 


5.3 Modularity 


A beautiful feature of the umbral moonshine conjecture is that it implies the precise nature of the 
modularity of the Thompson series H (0. We record these implications explicitly as conjectures 


in this short section. 


Conjecture 5.5. We conjecture that the graded supertrace functions [5.3) for fixed £ € A and 
gE G and varying 0 < r < £ define the components of a vector-valued mock modular form 
HL? of weight 1/2 on To(ng) with shadow function so = (962) = (xD s? where SV = (Ss) 
is the vector-valued theta series described in 92.3] the x are determined from the twisted Euler 
characters of G (cf. by x = x for r odd and x = xD for r even, and ng denotes 
the order of the image of g € G in the factor group G( (cf. qz 1[7- 4]. 


Recall from 84.8] that for £ € A and a pair (n, h) of positive integers we have the matrix- 
valued function 5. on l'o(n) defined in (£44). Recall also that we have attached a pair (ng, hy) 
to each g € G for each £ € A in 


Conjecture 5.6. We conjecture that the multiplier system of HY? is given by Zn 
and h = hy for all g € G for all £ € A. 


when n = Ny 


5.4 Discriminants 


One of the most striking features of umbral moonshine is the apparently intimate relation 
between the number fields on which the irreducible representations of G are defined and the 
discriminants of the vector-valued mock modular form H(). We discuss the evidence for this 
relation and formulate conjectures about it in this section. 

First we observe that the discriminants of the components HO of the mock modular form 


H® = HO determine some important properties of the representations of G(Ó, where we 


71 


UMBRAL MOONSHINE 


say that an integer D is a discriminant of H (£ if there exists a term q! = ga with non- 
vanishing Fourier coefficient in at least one of the components. The following result can be 


verified explicitly using the tables in $7BIC] 
Proposition 5.7. Let ( € A. If n > 1 is an integer satisfying 
1. there exists an element of G of order n, and 


2. there exists an integer A that is co-prime to n such that D = —nA? is a discriminant of 


AO, 


then there exists at least one pair of irreducible representations o and o* of GO and at least one 


element g € G) such that tro(g) is not rational but 


tro(g), tro (g) € Q(V=n) (5.7) 


and n divides o(g). 


The finite list of integers n satisfying the two conditions of Proposition is given in Table 

From now on we say that an irreducible representation o of the umbral group GÚ is of type 
n if n is an integer satisfying the two conditions of Proposition [5.7] and the character values 
of o generate the field Q(./—n). Evidently, irreducible representations of type n come in pairs 
(o, 0*) with tro (g) the complex conjugate of tro(g) for all g € G(?. The list of all irreducible 
representations of type n is given in Table[7] (See §B.1] for the character tables of the G) and 
our notation for irreducible representations.) 

Recall that the Frobenius-Schur indicator of an irreducible ordinary representation of a finite 
group is 1, —1 or 0 according as the representation admits an invariant symmetric bilinear form, 
an invariant skew-symmetric bilinear form, or no invariant bilinear form, respectively. The 
representations admitting no invariant bilinear form are precisely those whose character values 


are not all real. We can now state the next observation. 


Proposition 5.8. For each £ € A an irreducible representation o of G) has Frobenius-Schur 


indicator 0 if and only if it is of type n for some n. 


The Schur indez of an irreducible representation o of a finite group G is the smallest positive 
integer s such that there exists a degree s extension k of the field generated by the character 
values tr,(g) for g € G such that o can be realised over k. Inspired by Proposition [5.8] we make 


the following conjecture. 
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Conjecture 5.9. If o is an irreducible representation of GO of type n then the Schur index of 
Q is equal to 1. 


In other words, we conjecture that the irreducible G representations of type n can be 
realised over Q(4/—n). For £ = 2 this speculation is in fact a theorem, since it is known [116 
that the Schur indices for M24 are always 1. For ¢ = 3 it is also known that the Schur 
indices for G@) = Mi are also always 1. Moreover, the representations of G) ~ 2.G@) with 
characters x16 and x47 in the notation of Table D]have been constructed explicitly over Q(4/—2) 
in [117]. Finally, Proposition constitutes a non-trivial consistency check for Conjecture 
since the Schur index is at least 2 for a representation with Frobenius-Schur indicator equal to 


gl: 


£ n (o, 9*) 

2 7,1523 (xs, Xa) (x5, xe). (X10; X11), (X12, X13), (X15; X16) 
3 5,8,11,20 (xa, X5), (X16; x17), (X20, X21), (X22, X23), (X25; X26) 
4 3,7 (x2, X3) (X13; X14), Gas; X16) 

5 4 (xs, Xo). (X10; X11), (X12; X13) 

T 3 (Xo: x3), (X6; Xr) 

13 4 (x3, X4) 


Table 7: The irreducible representations of type n. 


Armed with the preceding discussion we are now ready to state our main observation for the 
discriminant property of umbral moonshine. For the purpose of stating this we temporarily write 
K ue for the ordinary representation of G(® with character g > (d) where the coefficients 


cQ. (d) are assumed to be those given in 


Proposition 5.10. Let n be one of the integers in Table [7] and let À, be the smallest positive 
integer such that D = —n is a discriminant of H®. Then K pag = 0n90;, where on and or, 
are dual irreducible representations of type n. Conversely, if o is an irreducible representation 
of type n and —D is the smallest positive integer such that HT di has o as an irreducible 


constituent then there exists an integer A such that D = —nÀ2. 
Extending this we make the following conjecture. 


Conjecture 5.11. If D is a discriminant of HO which satisfies D = —nX? for some integer A 
then the representation K odi has at least one dual pair of irreducible representations of type 


n arising as irreducible constituents. 


73 


UMBRAL MOONSHINE 


We conclude this section with conjectures arising from the observation (cf. that the 
conjectural G(Ó-module K 9 is typically isomorphic to several copies of a single representation. 
Say a G-module V is a doublet if it is isomorphic to the direct sum of two copies of a single 


representation of G. 


Conjecture 5.12. For l € A = {2,3,4,5,7,13} the representation K um is a doublet if and 


only if D 4 —n>? for any integer A for any n satisfying the conditions of Proposition [5.7] 


To see some evidence for Conjecture [5.12] one can inspect the proposed decompositions of 


the representations K 9 in the tables in §D] for the following discriminants: 


e —D — 7,15,23,63,135,175, 207 for l = 2, 
e —D = 8,11,20,32,44,80 for £ = 3, 

e —D = 7,12,28,63,108 for l = 4, 

e —D = 4,16,64, 144, 196 for # = 5, 

e -D-33,A21,...,9, AZ 7 for # = T, 


e —D=4)?, A — 1,...,11 for l= 13. 


5.5 Geometry and Physics 


Beyond the conjectures already mentioned above several interesting and important questions 
remain regarding the structural nature of umbral moonshine. In the case that @ = 2 there are 
strong indications that a deep relationship to X3 surfaces—extending in some way the relation 
[118] 119] between finite groups of K3 surface symplectomorphisms and subgroups of M»3—is 
responsible for the relationship between G) ~ M34 and HG. One such indication is the fact 
that the Jacobi form Z), from which H?) may be obtained by decomposing with respect 
to superconformal characters, coincides with the elliptic genus of a(ny) complex K3 surface. 
It is natural then to ask if there are analogous geometric interpretations for the remaining 
extremal Jacobi forms Z for £ € A, and a positive answer to this question will be a first 
step in determining the geometric significance of the umbral groups G and the attached mock 
modular forms H. 2t 

In a series of papers [120] [121] [88] [87] [S9] Gritsenko-Nikulin develop applications of Siegel 
modular forms to mirror symmetry for K3 surfaces (cf. [122]). Many of the Siegel forms arising 
are realised as additive or exponential lifts of (weak) Jacobi forms, and amongst many examples 
the exponential lifts 6 of the particular forms Z for £ € {2,3,4,5} C A appear in connection 
with explicitly defined families of lattice polarised K3 surfaces in [87]. It is natural to ask if 
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there is an analogous relationship between the umbral Z and suitably defined mirror families 
of K3 surfaces for the remaining í in A. 

As mentioned in the introduction, monstrous moonshine involves aspects of conformal field 
theory and string theory and there are several hints that umbral moonshine will also play a 
role in string theory. The most obvious hint at £ = 2 is through the fact mentioned above 
that the weak Jacobi form Z(2 coincides with the elliptic genus of a K3 surface and the fact 
that K3 surfaces play a prominent role in the study of superstring compactification. The Siegel 
form @(2) = (A5)? which is the multiplicative lift of the weak Jacobi form Z€) also plays a 
distinguished role in type II string theory on K3 x E where E is an elliptic curve and 1/ pa) 
occurs as the generating function which counts the number of 1/4 BPS dyon states [123]. BPS 
states in a supersymmetric theory are states that are annihilated by some of the supercharges of 
the theory; the 1/4 BPS states of interest here are annihilated by 4 of the 16 supercharges of a 
theory with N = 4 supersymmetry in four spacetime dimensions and are termed dyons because 
they necessarily carry both electric and magnetic charges. The relation between the zeros of 
$2 and the wall-crossing phenomenon in this theory has been studied in [124] [125] [126] [127] 
and this relation leads to a connection between the counting of BPS black hole states in string 
theory and mock modular forms . For a pedagogical review of this material see [38]. 

There are several hints that umbral moonshine for £ > 2 will also play a role in string theory. 
The first of these occurs in the study of N = 2 dual pairs of string theories [129 [130]. An N = 2 
dual pair consists of a compactification of the heterotic string on a product of a K3 surface with 
an elliptic curve E with a specific choice of Es x Eg gauge bundle on K3 x E and a conjectured 
dual description of this model in terms of IIA string theory on a Calabi-Yau threefold X which 
admits a K3 fibration. The low-energy description of such theories involves a vector-multiplet 


moduli space which is a special Káhler manifold of the form 


SU(1,1) 
U(1) 


MI = xA (5.8) 


where 5*2? is the quotient I'V415* ^! of the generalised upper half-plane 
345* ! = O(s + 2,2; R)/(O(s + 2) x O(2)) (5.9) 


by an arithmetic subgroup I in SO(s + 2,2; R), with I depending on the specific model in 
question. One-loop string computations in the heterotic string lead to automorphic forms on 
A5*?? via a generalised theta lift constructed in [132], see for a review. In models 
with s = 1 this leads to automorphic forms on I'NO(3,2; R)/(O(3) x O(2)), that is to Siegel 
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modular forms on the genus 2 Siegel upper half-space Hy = 7/2:1. 

A particular example of such an N = 2 dual pair was studied in [134] with s = 1 and 
involving a dual description in terms of Type II string theory on a Calabi Yau 3-fold with Hodge 
numbers (h^!,5?:) = (4,148). In the heterotic description the arithmetic subgroup which 
appears is the paramodular group T2, the Siegel modular form which occurs is the exponential 
lift of Z(9 described in 82-6]and the Calabi Yau 3-fold is also elliptically fibered and the elliptic 
fiber is of E; type. We thus see many of the ingredients of 2 = 3 umbral moonshine appearing 
in the context of a specific dual pair of string theories with N = 2 spacetime supersymmetry. It 
will be very interesting to investigate whether other aspects of / = 3 umbral moonshine can be 
realized in these models and whether N = 2 dual pairs exist which exhibit elements of umbral 
moonshine for £ > 3. 

A second way that elements of umbral moonshine for / > 2 are likely to appear in string 
theory involves a generalisation of the generating function discussed above that counts 1/4 BPS 
states. Type II string theory on K3 x E preserves N = 4 spacetime supersymmetry. There 
exist orbifold versions of this model that also preserve N = 4 spacetime supersymmetry that 
are known in the physics literature as CHL models. To construct such a model one chooses 
a K3 surface with a Z/mZ hyper-Kahler automorphism and constructs the orbifold theory 
(K3 x E)/(Z/mZ) where Z/m2Z is a freely acting symmetry realised as the product of a hyper- 
Kahler automorphism of the K3 surface and an order m translation along E. For m = 2,3,4 
it is possible to find K3 surfaces with (Z/mZ) x (Z/mZ) symmetry, and in this case one can 
construct a CHL model that utilises the first Z/mZ factor in the orbifold construction and has 
the second Z/mZ factor acting as a symmetry which preserves the holomorphic 3-form of the 
Calabi-Yau space (K3 x E)/(Z/m2Z). It was proposed in [136] that the generating function 
which counts 1/4 BPS states weighted by an element of Z/mZ is the reciprocal of the Siegel 
form ®("+) for m € {2,3,4}. In both this construction and in the study of N = 2 dual pairs 
the appearance of some of the umbral Siegel forms 9% can be anticipated, although many 
details remain to be worked out. The action of the umbral groups G remains more elusive, 
and deeper insight into possible connections between string theory and umbral moonshine will 
undoubtedly require progress in understanding the actions of these groups in terms of their 
action on BPS states. 


We plan to elaborate further on the topics mentioned above in future work. 
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A Modular Forms 


A.1 Dedekind Eta Function 


The Dedekind eta function, denoted (7), is a holomorphic function on the upper half-plane 
defined by the infinite product 


nir) = D [à — e?) 


n>1 


where q = e(7) = e277. It is a modular form of weight 1/2 for the modular group SL2(Z) with 
multiplier e : SL2(Z) > C*, which means that 


e(y)n(yr)jaeQy, 7) 14 = n(7) 


for all y = (23) € SL2(Z), where jac(y,7) = (cr + d) ?. The multiplier system e may be 


described explicitly as 


a b) fecu, "T 
€ = (A.1) 
c d e(—(a + d)/24c + s(d,c)/2+1/8), c> 0 


where s(d,c) = ys (d/c)((md/c)) and ((z)) is 0 for x € Z and z — [|z] — 1/2 otherwise. 
We can deduce the values e(a,b,c, d) for c < 0, or for c = 0 and d = —1, by observing that 


e(—y) = e(y) e(1/4) for y € SL2(Z). 
Let T denote the element of SL2(Z) such that tr(T) = 2 and Tr = 7-- 1 for 7 € H. Observe 
that 


Ty) =e(yT”") = e(-m/24)e(y) 


for m € Z. 


A.2 Jacobi Theta Functions 


We define the Jacboi theta functions 0;(T, z) as follows for q = e(7) and y = e(z). 


6s (r, 2) = ~ig y? DL Ta — e) — ya") — 1a") 


n=1 


07,2) = PyR] [a — a) +) - 15 1) 


n=1 
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oo 


07,2) = J[n- 4)0 eva" P) e y a”) 


n=1 


oo 


6,2) = [[an-490 -v477)0 - y! q"77?) 


n=1 


Note that there are competing conventions for 0,(T, z) in the literature and our normalisation 


may differ from another by a factor of —1 (or possibly +i). 


A.3 Higher Level Modular Forms 


The congruence subgroups of the modular group SL2(Z) that are most relevant for this paper 


are 


T(N) = f y | € 5tə(2);e = 0 moa N y. (A.2) 


C 


For N > 1 a (non-zero) modular form of weight 2 for To(N) is given by 


Aw(r) = N qÓ,log (e 2) (A.3) 
Nu c a Yu - Na") 


where a(k) is the divisor function o(k) => ak d. 
Observe that a modular form on To(N) is a modular form on To(M) whenever N|M, and 
for some small N the space of forms of weight 2 is spanned by the Ag(r) for d a divisor of N. 


By contrast, in the case that N = 11 we have the newform 
fu (z) = (rm (117) (A.4) 


which is a cusp form of weight 2 for Tp(11) that is not a multiple of A¡,(7). We meet the 


newforms 


fiat) = (r)n(27)n(7r)n(14r, ) (A.5) 
fis(r) = mn(G)n(r)n(5r)n(157), (A.6) 
foo(t) = n(2r)?n(10r)?, (A.7) 


at N = 14, N = 15 and N = 20, respectively, and together with fy the functions Ag(7) for d| N 
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span the space of weight 2 forms on Ty(V) for N = 11, 14,15. 


For N = 23 there is a two dimensional space of newforms. We may use the basis 


LL + 3n(7)?n(237)? + 4n(7)n(27)n(237)n(467) + Aq(27)?n(467)? AS) 


fas (7) = n(7)?n(23r)? 


f23,a(T) = 


satisfying f23,a = q+ O(q?) and f23, = q?+O(q?). (The normalised Hecke-eigenforms of weight 
2 for To(23) are f23,a = 3(1 E V5) 23.5.) 


For N = 44 there is a unique newform up to a multiplicative constant. It satisfies 


faa(T) =q q? 39? | 2g' 29? git 4q! 3q +64" -- 8919 + 2971 — 3923 +44” 59?" + O(q78). 
See [137] and Chapter 4.D of [138] for more details. A discussion of the ring of weak Jacobi 
forms of higher level can be found in [139]. 


B Characters 


In §B-1] we give character tables (with power maps and Frobenius-Schur indicators) for each 
group G(Ó. These were computed with the aid of the computer algebra package GAP4 [98] using 
the explicit presentations for the G that appear in $32] We use the abbreviations an = /—n 
and bn = (—1 + y—n)/2 in these tables. 

The tables in 4B.2] furnish the Frame shapes n») and character values xi attached to the 
signed permutation representations (cf. of the groups G® given in 83.4] These Frame 
shapes and character values can easily be computed by hand; we detail them here explicitly since 
they can be used to define symbols nj|h, which encode the automorphy of the vector-valued 
mock modular forms H se) according to the prescription of The symbols n,|h, are given in 
the rows labelled I; in 
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FS | 


Table 8: Character table of G2) ~ M34 


1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 7A 7B 8A 10A 11A 12A 12B 14A 14B 15A 15B 21A 21B 23A 23B 
1A 1A 1A 3A 3B 2A 2A 2B 5A 3A 3B 7A 7B 4B 5A 11A 6A 6B 7A 7B 15A 15B 21A 21B 23A 23B 
1A 2A 2B 1A 1A 4A 4B 4C 5A 2A 2B 7B 7A 8A 10A 11A 4A 4C 14B 14A. 5A 5A 7B 7A 23A 23B 
1A 2A 2B 3A 3B 4A 4B 4C 1A 6A 6B 7B 7A 8A 2B 11A 12A 12B 14B 14A 3A 3A 21B 21A 23B 23A 
1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 1A 1A 8A 10A 11A 12A 12B 2A 2A 15B 15A. 3B 3B 23B 23A 
1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 7A 7B 8A 10A 1A 12A 12B 14A 14B 15B 15A 21A 21B 23B 23A 
1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 7A 7B 8A 10A 11A 12A 12B 14A 14B 15A 15B 21A 21B 1A 1A 
i 4 i X l i d 1 1 i 11 i 1-1 li i d i Y id i i 1i d ił 
23 7-1 5-1-1 3-1 3 1-1 2 2 1-1 1-1-1 0 0 0 0-1-1 O0 Ü 
45 3 5 0 3-3 1 1 0 0-1 by by -1 0 1 0 1-b-b 0 0 b b —1 -1 
45 3 5 0 3-3 1 1 0 0-1 by 5-1 0 1 0 1-5x-b 0 0 b b —1 -1 
231 7 —9 —3 0-1-1 3 1 1 0 0 0—1 1 0—1 0 0 O hk bs 0 0 1 1 
231 7 —9 -3 ela 3 1 1 0 0 0-1 1 0—1 0 0 0 bs bs 0 0 1 1 
252 28 12 9 0 4 40210000 2-1 1 0 0 0-1 + 0 0-1 -1 
253 13-11 10 1-3 1 1 3-2 1 1 1-1-1 0 0 1-1-1 0 0 1 1 O O0 
43 35 3 6 0 3 3 3—2 2 0 0 0—1 9 1 0 D 0 0 1 1 0 0 0 O 
TÉ ein 10 5-7 2—2—2 0 1 1 0 0 0 0 0-1 1 0 0 0 0 0 0 bse bs 
770—14 10 5-7 2—2—2 0 1 1 0 0 0 0 0-1 1 0 0 0 0 0 0 bz das 
990 -18-10 0 3 6 2-2 0 O-1 by > 0 0 0 0 1 b, b; 0 0 bh b 1 1 
990 -18-10 0 3 6 2-2 0 O-1 by by 0 0 0 0 1 b b; 0 0 bh b 1 1 
1085. 27 35 0 6 3—1 3 0 0 2-1—-1 1 0 1 0 0-1 <1 0 0-1 —- 0 0 
1035 =21 —5 0-3 3 3-1 0 0 12352».-1 0 1 0-1 0 0 0 0=-b-—b 0 0 
1085-21 =5 0-3 3 3-1 0 0 12⁄2⁄—1 0 1 0 +1 0 0 0 0-b -by 0 0 
1265 49—15 5 8-7 1-3 0 1 0-—-2—2 1 0 0.0 0 0 0 0 1 1 0 y 
1771 —21 11 16 7 3—5—-1 1 0-1 0 Del 1 0 0—1 0 0 1 1 0 0 0 0 
2004 8 24 -1 8 8 0 0-1-1 0 1 10-1 0-1 0 1 1-1-1 1 1 O0 0 
2277 21—19 0 6-3 1-3-3 0 2 2 2-1 1 0 0 0 0 0 0 0 =b. 2) 0 0 
3312 48 16 6-6 0 0 0-3 0-2 I 10 1 1 0 UD. —L -1 0 O 1 1 0 O 
3520 64 0 10-8 0 0 0 0-2 0-1-1 0 0 0 0 0 1 1 0 0-1 -1 1 1 
5313 49 9—15 0 1-3-3 3 1 0 0 0—1 —1 0 1 0 0 0 0 0 0 0 0 O 
5544 —566 24 9 0-8 0 0—1 1 0 0 0 0 -=1 0 1 0 0 0-1 -1 0 0 1 1 
5796 —28 36 —9 0—4 4 0 1—1 0 0 0 0 1 —-1 1 0 0 0 1 1 0 0 0 0 
10395 —21 —45 0 0 3-1 3 0 0 0 0.0 1 0 0 0 D 0 0 0 0 0 0-1 —1 


"NIHSNOO]N TWUAN() 
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Table 9: Character table of G9 ~ 2. Mi» 
2A 4A 2B 2C 3A 6A 3B 6B 4B 4C 5A 10A 12A 6C 6D 8A 8B 8C 8D 20A 20B 11A 22A 11B 22B 


1A 2A 1A 1A 3A 3A 3B 3B 2B 2B 5A 5A 6B 3A 3A 4B 4B 4C 4C 10A 10A 11B 11B 11A 11A 
2A 4A 2B 2C 1A 2A 1A 2A 4B 4C 5A 10A 4A 2B 2C 8A 8B 8C 8D 20A 20B 11A 22A 11B 22B 


2A 4A 2B 2C 3A 6A 3B 6B 4B 4C 1A 2A 12A 6C 6D 8B 8A 8D 8C 4A 


1A 2A 


4A 11A 22A 11B 22B 
1A 2A 


2A 4A 2B 2C 3A 6A 3B 6B 4B 4C 5A 10A 12A 6C 6D 8A 8B 8C 8D 20B 20A 


[g] | FS | 1A 


X1 


0 
0 


0 


0 
bii 


1 
1 


3 


3-1 


3 3 2 2-1-1-1 


3 3 2 2-1-1 


+ | 11 11-1 
+ 


X2 


0 
bii 


-1 0 0 1 


1 
1 
1 


11 —1 


11 


X3 


bii bii 


—1 
=Í 


—1 
-1 


0.0000 0 


1 
1 


1 
1 


X4 


bii 


bi 


bui 


bii 


0.0000 0 


X5 


Y Cc O Cc Cc] nnd rT 
Y Cc Cc Cc Cc OD nd mn 
Y Cc Cc Cc Cc OD nnd n 
Y Cc Cc Cc Cc O n n 
on C: G: = a on 
| | 
On ooeon ss OF 
| | 
ribi Rr ML 
sd dad ccn 
Eig EI ene 
rdc E C 
seornrrwn oor 
| 
S nn © © Oa mA C += 
| | 
ee eee ee 
ri eee ee 
lc ax ARS a 
c RPM M QE 
00?” amomo 
@ @ — ”]n-”yom o 
$B 6 6 0 @ @ a S 
do 
2338838283 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


X6 
X7 
X8 
X9 
X10 
X11 
X12 
X13 
X14 


1 
0 
0 
-2 
—2 


1 


0 0 


176 —4 0 0—4—4-—1-1 
-10 0-2 2 


176 


+ 


O 


X15 


0 
0 


0 
0 


1—1 ag az a a 


1-1 


0 
0 


1-1-2 2 00 0 
1-1-2 2 00 0 


10 
10 
12 
32 


X16 


qo a2 G2 Q2 


-10 0-2 2 


X17 


—12 0 4-4 3-3 0 0 0 0 2 
—32 0 0 0-4 4 2-2 0 0 2 


—44 0 4-4-1 


+ 


X18 


0 0 0 0 0 0 0 


X19 


2-2 0 0-1 
2-2 0 0-1 


1 
1 


44 
44 


X20 


—44 0 4-4-1 


X21 


0 0 0 as G a a2 
0 0 0 


0 
0 


110-110 0-6 6 2-2 2-2 0 0 0 


O 


X22 


0 


a2 


a2 a2 Q2 


110 —110 0—6 6 2-2 2-2 0 0 0 


O 


+ 


O 


X23 


120 —120 0 8-8 3-3 0 0 0 O 0 


X24 


0.000000 0 


0 
0 0 0 0 0 0 0 0 


160—160. 0 0 0-2 2-2 2 0 0 0 


X25 
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160 —160 0 0 0-2 2-2 2 0 0 O 


[9] 


X26 


> > > > > > > 


Cogo > i-> = — C; Ct Gr > Ahe 


2B 


1A 
2B 
2B 


| 


| 


| 


| 


| 
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2B 
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Table 10: Character table of GY ~ 2.AGL3(2) 
4B 2C 3A 6A 6B 6C SA 4C 7A 14A 7B 14B 
2B 1A 3A 3A 3A 3A 4A 2C 7A 7A 7B 7B 
4B 2C 1A 2A 2B 2B 8A 4C 7B 14B 7A 14A 
4B 2C 3A 6A 6B 6C 8A 4C 1A 2A 1A 2A 
1 1 1 1 1 1 1 1 1 1 1 1 
—1 -1 0 0 0 0 1 1 b b+ b bz 
-1 -1 0 0 0 0 1 1 by b; b; bz 
2 2 0 0 0 0 0 0 1 1 1 1 
—1 -1 1 1 1 1 -1 -—1 0 0 0 0 
0 0 1 1 1 1 0 0 1 1 1 1 
—1 -1 1 1 -1 -1 1 -1 0 0 0 0 
—1 3 1 1 -1 -1 -1 ii 0 0 0 0 
—2 2 -1 -1 1 1 0 0 0 0 0 0 
1 —3 0 0 0 0 —1 1 0 0 0 0 
1 1 0 0 0 0 1 -1 0 0 0 0 
0 0 2 —2 0 0 0 0 1 —1 1 —1 
0 0 —1 1 a3 a3 0 0 1 —1 1 —1 
0 0 —1 1 @ qas 0 0 1 —1 T —1 
0 0 0 0 0 0 0 0 b -br b -b 
0 0 0 0 0 0 0 0 by —b3 b —b7 
Character table of G) ~ GL2(5) /2 
3A 6A 5A 10A 4A 4B 4C 4D 12A 12B 
3A 3A 5A 5A 2A 2A 2C 2C 6A 6A 
1A 2A 5A 10A 4B 4A 4D 4C AB 4A 
3A 6A 1A 2A 4A 4B 4C 4D 12A 12B 
1 J. 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 1 1 
1 1 -1 —1 2 2 0 0 —1 —1 
1 1 1 1 2 2 0 0 1 1 
—1 -1 0 0 1 1 —1 —1 1 1 
—1 -1 0 0 —1 —1 1 1 —1 —1 
0 0 1 1 0 0 0 0 0 0 
1 —1 1 —1 ay, —01 ay, —01 ay —01 
1 —1 1 —1 —a1 1 —a1 1 = a1 
1 —1 —1 1 2a1 —2a1 0 0 =A] ay 
1 —1 —1 1 —2a1 2a1 0 0 a1 =g 
—1 1 0 0 G1 —Ga1 —01 a1 a1 s=], 
—1 1 0 0 — G] a1 1 =i —Ga1 1 
0 0 1 —1 0 0 0 0 0 0 


Ñ == — OO = c 


| 


Table 12: Character table of G0) ~ SL2(3) 
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Table 13: Character table of GUS ~ 4 


2A 


1A 
2A 


AA 


2A 
AA 


[g] | FS | 1A 
[9] | | 1A 
xı | + 1 
x2 | + 1 
X3 1 
X4 1 


2A 
1A 


3A 


6A 


4A 


4B 


3B 


3A 
1A 
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B.2 Euler Characters 


The tables in this section describe the Frame shapes n and twisted Euler characters xà attached to each group G) via 
the signed permutation representations given in 'The rows labelled no and x? describe the corresponding data for 
the (unsigned) permutation representations. According to the discussion of J4.8] the Frame shapes n and no (or even 
just the nt can be used to define symbols ny|hy which encode the automorphy of the vector-valued mock modular form 


H. E these symbols are given in the rows labelled r4. We write ng here as a shorthand for ng|1. 


Table 14: Twisted Euler characters and Frame shapes at í = 2 


[g] | 1A 2A 2B 3A 3B 4A 4B 4C 5A 6A 6B 
P3 2 212 3 313 4/2 4 4/4 5 6 6/6 
Ola 8 0o 5 0 0 4 0 4 2 0 
uj | 124 1898 912 1636 38 9444 149244 46 1454 12223262 64 


[] |7AB 8A 10A HA 12A 12B  14AB  15AB 21AB 23AB 


T,|7 8 1p n 1 1212 u 15 23 23 
x 3 2 0 2 0 0 1 1 0 1 


uj" | 197? Pots v*10? £11? 21416112. 192 pu aa 1a 


We have X = x1(9) + x2(g) in the notation of Table [8] 
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Table 15: Twisted Euler characters and Frame shapes at í = 3 


[9] | LA 2A 4A 2B 2C 3A 6A 3B 6B 4B 4C 5A 10A 12A 6C 6D SAB 8CD 20AB11AB 22AB 


Ty | 1 1428 2 22 3 3/4 3/33/12 42 4 5 5/4 6/24 6 62 84 8 11|4 
P |12 12 0 4 4 3 300 04 2 2 0 1 1 0 2 1 

x 118-1 0 x 3-390 9 Ud a -20 1 -1 0 0 Fi 
THY?) | 122 112 96 142414211333 1838 34 34 2242 1442125? 1252 6? 11213161 11913161 418! 122181 2110! 11111 11111 
r) 112 25 E 1494 i ea ee 34 o 9242 9242 Pye rd 11213161 PRU gigi 418! E 11111 22 


We have xe = xis(g) and xe = x1(g) + xa(g) in the notation of Table [9] 
Table 16: Twisted Euler characters and Frame shapes at ¢ = 4 
[g] |1A 2A 2B 4A 4B 2C 3A 6A 6BC 8A 4C 7AB 14AB 
L; | 1 1/2 212 24 44 2 3 32 62 48 4 7 72 


2/8 8 000 4 2 2 00 2 1 1 
Aisso 0 0 0 2 — 0 D X 1 =i 
n? 18 18 24 24 42 1492 1232 1232 2161 42 129141 1171 1171 

4 8 44 2262 2 1 1 
nt ) 18 2 24 > 42 24 1232 25 2161 5 42 1171 —— 


) (4) _ 


We have xS — x1» and xv = x1(9) + xa(g) in the notation of Table [10] 
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Table 17: Twisted Euler characters and Frame shapes at í = 5 
[g] |1A 2A 2B 2C 3A 6A 5A 10A 4AB 4CD 12AB 
ra | 1 14 22 2 3/3 3/12 5 5/4 28 4 024 


wle 6 2 2 00 1 1 0 2 0 
CONG wi -5- 83. 9. Tt sh 0 to O 
HO) 16 16 1222 1292 32 32 1151 1151 93 1241 gl 

6 4 2 8 1 
rni 16 2 = 1222 32 É 1151 2 E 9141 a 


We have X = xj4(g) and xe = x1(g) + xe(g) in the notation of Table [I] 


Table 18: Twisted Euler characters and Frame shapes at í = 7 
[g] | 1A 2A 4A 3AB 6AB 
T; |1 14 28 3 3|4 


xPD|4 4 0 1 1 
x? 4 -4 0 1 4 
n |1 1 2 113! 113! 
7 4 2 lel 
uis g £ rs gg 


We have xP = xe(g) + x7(g) in the notation of Table [12] 


Table 19: Twisted Euler characters and Frame shapes at £ = 13 
[g | 1A 2A 4AB 
r| 1 14 2/8 

_(13) 


í A E 
x?lo 23 0 
no | 2 4^ 3 
mle gg 


We have x0» = xa(g) + x4(g) in the notation of Table [13] 


C Coefficients 


In this section we furnish tables of Fourier coefficients of small degree for the vector-valued mock 
modular forms HO that we attach to the conjugacy classes of the groups G® for £ € A. For 
each £ and 0 < r < í we give a table that displays the coefficients of nuQ for (g ranging over 
a set of representatives for) each conjugacy class [g] in G(2. The first row of each table labels 
the conjugacy classes, and the first column labels exponents of q (or rather q!/^^), so that for 
the table captioned nu (for some í € A and 0 < r < í) the entry in the row labelled d and 


d/At 


the column labelled nZ is the coefficient of q in the Fourier expansion of H 2 for [g] 2 nZ. 


Occasionally the functions HY and H "a coincide for non-conjugate g and g’ and when this 
happens we condense information into a single column, writing 7AB in Table [20] for example, 


to indicate that the entries in that column are Fourier coefficients for both ne and H. 9 


88 


UMBRAL MOONSHINE 


C.1 Lambency Two 


87 
95 
103 
111 
119 
127 
135 
143 
151 
159 
167 
175 
183 
191 
199 
207 
215 
223 
231 
239 


1A 
I 


-2 

90 

462 

1540 

4554 
11592 
27830 
61686 
131100 
265650 
521136 
988770 
1830248 
3303630 
5844762 
10139734 
17301060 
29051484 
48106430 
78599556 
126894174 
202537080 
319927608 
500376870 
775492564 


1191453912 -12936 13064 


-8666 
10612 


2B 3A 3B 
22 3 3/3 


-2 -2 -2 

10 0 6 
-18 -6 0 
20 10 -14 
-38 0 12 
72 -18 0 
-90 20 -16 
118 0 30 
-180 -30 0 
258 42 -42 
-352 0 42 
450 -60 0 
-600 62 -70 
830 0 84 
-1062 -90 0 
1334 
-1740 
2268 -156 0 
-2850 170 -166 
3540 0 210 
-4482 -228 0 
5640 270 -282 
-6968 | 0 300 
8550-360 0 


-10556 400 -392 


0 462 


1815754710 15862 -15930 -510 0 
2745870180 -19420 19268 600 -600 


4122417420 23532 -23460 


0 660 


6146311620 -28348 28548 -762 0 


9104078592 34272 -34352 


247 | 13401053820 -41412 


828 -840 
41180 


Table 20: McKay- Thompson series Hi 


4A 
4/2 


-92 
48 


2) 


aL 


4B 4C 5A 6A 6B 7AB 8A 10A 11A 124 12B 14AB 15AB 21AB 23AB 
1112]? 122 14 


4 Al4 


-2 -2 -2 -2 
2 2 0 


N 
1 
a 
1 
1 
NONNO 


= 
© 
= 
© 
1 
E: 


1 
[o] 
= 
oo 

' 
= 


bo 
00 
= 
bo 
= 
O b O > GO O G O G O — Q @ 2 O O 
I 


Aa 
00 
= 
aD 
— = y 
e G O => A 


' 
coc c G G O O > O O >. O O O O kS i> ƏO bk) tO O = 


bo 

00 
1 

c 

© 
[ 

[o 

° 
[ 


o 
js 


100 36 -50 -10 
-40 96 22 -12 


5 6 6|6 


-2 
-2 


o 


E 


pai 
@ rt Q O @— @% QO h> O O O O; O Q iO O RB. O; O kO O: O bi O O k= y 


-8 


0 966 108-116 -44 0 0-10 


8 10|2 


-2 


SOnkonnnona 


-2 


-2 


o 


CONOR BONONTOCONOKNOCCOCONNONONMNOC WD 


1 
ONN 


-2 
2 


OPN O 2 O O O + O O O 22 NNN O £ O O O iO D O Oo 


-2 -2 -2 
0 2 1 
-2 0 0 
-2 2 0 
0 0 0 
-2 0 0 
0 0 2 
0 -2 2 
2 0 -1 
2. -2 0 
0 -2 0 
0 0 -2 
-2 2 0 
0 0 -2 
-2 0 0 
-2 2 0 
0 2 0 
0 0 0 
2 2 0 
0 -2 0 
0 0 2 
2 -2 0 
0 0 -1 
0 0 0 
-4 0 0 
0 2 0 
-2 0 0 
0 0 -2 
0 0 -2 
-2 0 2 
0 0 0 
0 -2 0 


15 213 23 
pou» 9 
Ü st 2 
-1 0 2 
0 0 - 
-2 O 
0 
2 
2 


DFOoOoONNCOCOOCOFRFNOTONTOONOOCOOCOOCOOCOC Oo 


ONNVNOOO0OOOOOoO0ONOoOOoRrOonNOoOoNvNOoOOoNnNyNOOoOONnN O 
' 
x Q C O Q = @— Q 2 GÇ O GQ Q 52 O Q G 2 52 G G 52 G O O — SO 
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C.2 Lambency Three 


107 
119 
131 
143 
155 
167 
179 
191 
203 
215 
227 
239 
251 
263 
275 
287 
299 
311 
323 
335 
347 
359 


660 
1408 
2794 
5280 
9638 

16960 
29018 
48576 
79530 
127776 
202050 
314688 
483516 
733920 
1101364 
1635680 
2406116 
3507680 
5071000 
7274464 


660 
1408 
2794 
5280 
9638 

16960 
29018 
48576 
79530 
127776 
202050 
314688 
483516 
733920 
1101364 
1635680 
2406116 
3907680 


5071000 - 


7274464 


4A 


80 
-102 
112 
-150 
200 
-230 
272 
-348 
440 
-508 
600 
-740 
888 
1040 
1208 


10359030 10359030 -1450 
14650176 14650176 1744 
20585334 20585334 -2018 
28747840 28747840 2320 
39914402 39914402 -2750 
55114400 55114400 3240 
75704904 75704904 -3712 -40 -40 54 54-156 -156 32 -40 


Table 21: McKay- Thompson series 


2B 2C 
2 2/2 


10 10 
0 0 
-14 -14 
0 0 
12 12 
0 0 
-12 -12 
0 0 
20 20 
0 0 
-24 -24 
0 0 
22 22 
0 0 
-26 -26 
0 0 


34 34 - 


0 0 


3A 


18 
12 
-36 
24 
16 


66 
40 
130 
92 


yo 


gil 


6A 3B 6B 4B 4C 5A 10A 12A 6C 6D 8AB 8CD 20AB 11AB 22AB 


34 3/3 3/12 4J2 4 5 5/4 6/24 
3.25) x uo ee 2 
4 2 2002 2 2 
2. 2 2 6-20 0 2 
0 -6 6 0 0-2 -2 2 
6 6 6-440 0 2 
4 4 4002 2 4 
4 8 8 2-64 4 0 

-2 6 6 000 0 -2 
8 2 2-10 6-2 -2 2 
4 -14 -14 00 0 0 2 

-16 8 810-6-2 -2 0 
12 6 6006 6 2 
6 -24 -24 -6 10 0 0 0 

-24 18 18 0 0 4 -4 2 
18 12 12 10-14 0 0 4 
12 -30 -30 0 0 -2 -2 2 

-36 24 24-1212 6 6 0 
24 12 12000 0 4 
16 -44 -44 20-12 -6 -6 -4 

-52 32 32 0 00 0 0 
38 20 20-20 20 -4 -4 4 
20 -64 -64 0 010 10 0 

-68 46 46 16-24 0 0 -2 
52 28 28 0 0-6 -6 -4 
30 -84 -84-26 22 0 0 -4 

-96 60 60 0 0-4 -4 4 
66 36 36 30-26 14 14 4 
40 -116 -116 0 0 0 0 4 

-130 86 86-30 34 -8 -8 -2 

92 50 50 0 0 0 0 -6 

-6 -6 -4 


6 6|2 8J4 
22 25 
00 0 
diu 2 
00 0 
-2 -2 4 
00 0 
00 2 
00 0 
00 -2 
00 0 
00 2 
00 0 
-2 -2 2 
00 0 
-2 -2 2 
00 0 
0 0 -4 
00 0 
0.0 -4 
00 0 
2 9 4 
00 0 
00 0 
00 0 
-2 -2 -2 
00 0 
-2 -2 -2 
00 0 
-2 -2 2 
00 0 
22 0 


8 10/8 
So d) 
0 2 
2 0 
0 -2 
0 0 
0 2 
So 0 
0 0 
-2 2 
0 0 
2 2 
0 2 
2 0 
0 0 
-2 0 
0 2 
0 2 
0 0 
4 2 
0 0 
0 0 
0 2 
4 0 
0 2 
-2 0 
0 4 
2 2 
0 0 
2 0 
0 0 
4 -2 


11 


N O O O @— x O — — Oo 


1 
bo 


° O O O O 2 O = oco oO 


11|4 


' 
N 


1 
Nc ccc. OF 


1 
PY Q O ON Occ Oo ON 


1 
N 
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06 


104 
116 
128 
140 
152 
164 
176 
188 
200 
212 
224 
236 
248 
260 
272 
284 
296 
308 
320 
332 
344 
356 


20 

88 

220 

560 

1144 
2400 
4488 
8360 
14696 
25544 
42660 
70576 
113520 
180640 
281808 
435160 
661476 
996600 
1482536 
2187328 
3193960 
4629152 
6650400 
9490536 
13441032 
18920240 
26457464 
36792560 
50865232 
69966336 


-13441032 
-18920240 
-26457464 
-36792560 
-50865232 
-69966336 


2A 4A 
1|4 2|8 


-20 

-88 

-220 
-560 
-1144 
-2400 
-4488 
-8360 
-14696 
-25544 
-42660 
-70576 
-113520 
-180640 
-281808 
-435160 
-661476 
-996600 
-1482536 
-2187328 
-3193960 
-4629152 
-6650400 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
-9490536 0 
0 
0 
0 
0 
0 
0 


704 
-840 
992 
-1184 
1400 
-1640 


1936 -1936 -100 
-2264 2264 74 
2640 -2640 38 
-3088 3088 -140 
3584 -3584 102-102 48 


Table 22: McKay- Thompson series an 


-88 
116 
-144 
176 
-224 
272 
-328 
404 
-488 
584 
-704 
840 
-992 
1184 


-1400 


1640 


3A 6A 
3 3/4 


10 -10 


36 -36 
100 
-74 


140 


= S= 


3B 6B 4B 4C 5A 10A 12A 6C 6D 8AB 8CD 20AB 11AB 22AB 
4 5 54624 66|2 8|4 


3|3 3/12 4|2 


44 -44 
124 124 
88 -88 


SOS CO SC 2 OQ OC 2: © © oOo © © 2 Oo SS © oO © © C oc — 


° 


> — — O > —  — —  — — —  — —  — — —  — — — — — 


0 
-2 
0 


0 


° 


O OOOO OO SO > Ç OOOO C C Q Q C Q Q C. C Q O OOO 


2 -2 
2 -2 
0 0 
-2 2 


eco CccOcOoOOcOOOcOocOcOoOococoOcOCcOOooOco0oOocccoo0C0dc0ccc 


8 10]|8 


° 


Oc — — >  — — —  — — —  —  — — — > — — oooO 
oo oor oo co co C C C G O C Q O OO Oo Oo C > C. CO UO! > So 


11 11J4 
m. 2 
0 0 
0 0 
ug. a 
0 0 
2 39 
0 0 
0 0 
0 0 
2 2 
2 2 
0 0 
0 0 
Z 2 
MEE. 
0 0 
y 2 
0 0 
0 0 
0 0 
0 0 
0 0 
a 2 
0 0 
0 0 
2 0g 
0 0 
2 ag 
0 0 
0 0 
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C.3 Lambency Four 


95 
111 
127 
143 
159 
175 
191 
207 
223 
239 
255 
271 
287 
303 
319 
335 
351 
367 
383 
399 
415 
431 
447 
463 
479 
495 
511 
527 


616 
1050 
1764 
2814 
4510 
6956 

10612 
15862 
23532 
34272 
49618 
70758 
100310 
140616 
195888 
270296 
371070 
505260 
684518 
921142 
1233708 
1642592 
2177684 
2871918 
3772468 
4932580 
6425466 
8335418 
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Table 23: McKay Thompson series H 2 


2A 
1/2 


616 
1050 
1764 
2814 
4510 
6936 

10612 
15862 
23932 
34272 
49618 
70758 
100310 
140616 
195888 
270296 
371070 
505260 
684518 
921142 
1233708 
1642592 
2177684 
2871918 
3772468 
4932580 


2B 
2/2 


-96 
104 


-130 


156 


-170 


182 


-228 


272 


-284 


318 


-380 


436 


4A 
2/4 


96 
-126 
150 
-170 
192 
-232 
272 
-306 
348 
-410 
486 
-540 
608 
-708 
814 
-908 
1020 


6425466 -486 -1174 
8335418 538 1338 
543 | 10776290 10776290 -622 -1494 
599 | 13879290 13879290 714 1666 
575 | 17818766 17818766 -786 -1898 -18 790 -58 -58 
591 | 22798188 22798188 860 2148 


4B 2C 3A 6A 6BC 8A 4C 7AB 14AB 
44 2 332 6248 4 


-4 28 -8 -8 
-2 -34 10 10 
4 36 0 O 
0 -40 -12 -12 
-6 50 10 10 
-2 -66 0 0 
6 70 -10 -10 
0 -72 18 18 
-8 96 0 0 
0 -120 -22 -22 
6 126 18 18 
4-140 0 0 
-10 174 -22 -22 
-2-202 28 28 
12 220 0 0 
0 -248 -34 -34 
-12 292 32 32 
-2-346 0 0 
12 380 -38 -38 
4-412 46 46 
-14 490 0 0 
-6 -566 -52 -52 
18 610 50 50 
2-678 0 0 


-4 -900 72 72 


-2 -2 -2 
-2 2 -2 
0 2 -2 


o 
' 

N 

bo 


7 


' 
N 


oQoQornmnooncoeooocdrFNO Oo 


' 
N 
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92 


1A 
1 


16 

48 

112 

224 

432 

784 

1344 
2256 
3680 
5824 
9072 
13872 
20832 
30912 
45264 
65456 
93744 
132944 
186800 
260400 
360208 
494624 
674784 
914816 
1232784 
1652208 
2202704 
2921856 
3857760 
5070560 
6636000 
8649648 
11230448 
14526848 
18724176 
24051808 
30793712 
39301584 


UMBRAL MOONSHINE 


I 4 
Table 24: McKay- Thompson series š 


2A 2B 4A 4B 2C 3A 6A 6BC 8A 

1|2 2/2 24 44 2 332 6|24|8 

-16 0 0 0 0-2 2 0 0 

-48 000000 0 0 

-112 0 0 0 0 4-4 0 0 
-224 0 0 0 0-4 4 00 
-432 00 00 00 0 0 
-784 0000 4-4 00 
-1344 0 0 0 0-6 6 0 0 
-2256 0 0 0 0 0 0 00 
-3680 0 0 0 0 8-8 0 0 
-5824 0 0 0 0-8 8 0 O 
-9072 0 000 00 00 
-13872 0 0 0 0 12-12 0 0 
-20832 0 0 0 0-12 12 0 0 
-30912 0 0 0 0 0 0 0 0 
-45264 0 0 0 0 12-12 0 0 
-65456 0 0 0 0-16 16 0 0 
-93744 0 0 0 0 0 0 00 
-132944 0 0 0 0 20-20 0 0 
-186800 0 0 0 0-22 22 0 0 
-260400 0 0 0 0 0 0 0 0 
-360208 0 0 0 0 28-28 0 0 
-494624 0 0 0 0-28 28 0 0 
-674784 0 0 00 00 00 
-914816 0 0 0 0 32-32 0 0 
-1232784 0 0 0 0-36 36 0 0 
-1652208 000000 0 0 
-2202704 0 0 0 0 44-44 0 0 
-2921856 0 0 0 0-48 48 0 0 
-3857760 00 00 00 0 0 
-5070560 0 0 0 0 56-56 0 0 
-6636000 0 0 0 0-60 60 0 0 
-8649648 0 000 00 0 0 
-11230448 0 0 0 0 68-68 0 0 
-14526848 0 0 0 0-76 76 0 0 
-18724176 0 00 00 0 0 0 
-24051808 0 0 0 0 88-88 0 0 
-30793712 0 0 0 0-94 94 0 0 
-39301584 0 000 00 0 0 


4C TAB 14AB 


4 
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7 


7|2 


93 


519 
535 


583 


786 
1386 
2212 
3612 
5544 
8666 

12936 
19420 
28348 
41412 
59178 
84530 
118692 
166320 
230092 
317274 
432964 
588966 
794178 
1067220 
1423884 
1893138 
2501434 
3294256 
4314912 
5633596 
7320670 
9483336 
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Table 25: McKay—Thompson series H 93 


2A 


786 
1386 
2212 
3612 
5544 
8666 

12936 
19420 
28348 
41412 
59178 
84530 
118692 
166320 
230092 
317274 
432964 
588966 
794178 
1067220 
1423884 
1893138 
2501434 
3294256 
4314912 
5633596 


2B 4A 4B 
212 2|4 4|4 
6 -2 -2 


92 -36 4 
-108 44 4 
138 -62 -6 
-158 66 -6 
180 -68 4 
-208 88 8 
252-108 -4 
-294 122 -6 
324 -132 4 
-378 150 6 
450 -190 -6 
-508 220 -12 
572 -228 4 
-654 266 10 
762 -326 -6 
-864 360 -8 
960 -392 8 


-1092 452 12 


2C 3A 6A 6BC 8A 4C 7AB 14AB 
2 332 6248 4 


-2 0 0 


76 -8 -8 
-100 10 10 
116 0 0 
-126 -12 -12 
154 14 14 
-188 0 0 
216 -18 -18 
-244 16 16 
282 0 0 
-340 -20 -20 
390 24 24 
-430 0 0 
500 -30 -30 
-588 30 30 
666 0 0 
-742 -32 -32 
848 40 40 
-984 0 0 
1108 -44 -44 


7320670 1262 -522 -10 -1234 46 46 
9483336 -1416 592-16 1400 0 0 
951 | 12233330 12233330 1570 -646 10 -1598 -58 -58 
567 15734606 15734606 -1778 726 14 1798 62 62 
20161302 20161302 2022 -850 -10 -1994 0 0 
599 | 25761288 25761288 -2264 944 -16 2240 -72 -72 


1 
N 
N 
1 
N 


-12 -12 


N OO PSC O O O O pO SCO O O CO CN O 
1 
= 
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00 
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C.4 Lambency Five 
Table 26: McKay—Thompson series H i 


ig] | 1A 2A 2B 2C 3A 6A 5A 10A 4AB 4CD 
T; | 1 14 22 2 33 312 5 54 2⁄8 4 
-1 -2 2 p 9 —2 M M -2 -2 
19 8 8 0 0 2 2 2 -2 4 0 
39 18 E 2 2 0 0 -2 -2 -6 2 
59 40 dd 0 0 2 -2 0 0 4 0 
79 70 70O -2 -2 4 4 0 0 -6 -2 
99 120 120 0 0 0 0 0 0 12 0 
119 208 208 0 0 2 -2 -2 -2 -8 0 
139 328 38 0 0 4 4 -2 -2 1 0 
159 510 510 -2 2 0 0 0 0 -18 -2 
179 792 702 0 0 6 6 2 2 20 0 
199 1180 1180 4 4 4 4 0 0 -24 4 
219 1728 1728 0 0 0 0 2 -2 24 0 
239 2518 2518 -2 -2 -8 -8 -2 -2 -30 -2 
259 3600 3600 0 0 6 6 0 0 40 0 
279 5082 502 2 2 0 0 2 2 -42 2 
299 7120 7120 0 0 -8 - 0 0 48 0 
319 9838 0838 -2 -2 10 10 -2 -2 -58 -2 
339 | 13488 13488 0 0 0 0 2 -2 7 0 
359 | 18380 18380 4 4 -10 -10 0 0 -80 4 
379 | 24792 24792 0 0 12 12 2 2 84 0 
399 | 33210 33210 -6 -6 0 0 0 0 -102 -6 
419 | 44248 44248 0 0 -14 -14 -2 -2 116 0 
439 | 585388 585388 2 2 14 14 -2 -2 -130 2 
459 | 76992 76992 0 0 0 0 2 2 14 0 
479 | 100772 100772 -4 -4 -16 -16 2 2 -168 -4 
499 | 131160 131160 0 0 18 18 0 0 196 0 
519 | 169896 169896 8 8 0 0 4 -4 -216 8 
539 | 219198 219128 0 0 -22 22 -2 -2 236 0 
559 | 281322 281322 -6 -6 24 24 2 2 -270 -6 
579 | 359712 359712 0 0 0 0 2 2 312 0 
599 | 458220 458220 4 4 -24 -4 0 0 -336 4 
619 | 581416 581416 0 0 28 28 -4 -4 372 0 
639 | 735138 735138 -6 -6 0 0 -2 -2 -426 -6 
659 | 926472 926472 0 0 -30 -30 2 2 476 0 
679 | 1163674 1163674 10 10 34 34 4 4 -526 10 
699 | 1457040 1457000 0 0 0 0 0 0 576 0 
719 | 1819056 1819056 -8 -8 -42 -42 -4 -4 -644 -8 
739 | 2264376 2264376 0 0 4 4 4 4 724 0 
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1 1 
N N 


95 


792 
1180 
1810 
2640 
3868 
5502 
1848 

10912 
15212 
20808 
28432 
38308 
51540 
68520 
90928 
119544 
156728 
203940 
264672 
341188 
438732 
560958 
715312 
907720 
1148928 
1447904 
1820226 
2279520 
2847812 
3545636 
4404384 
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Table 27: McKay- Thompson series š 


24 2B 2C 3A 6A 5A 10A 
14 2⁄2 2 33 3112 5 54 


-30 -2 2 0 0 0 0 
-52 4 -4 4 -4 2 -2 
-108 -4 4 0 0 -2 2 
-180 4 -4 0 0 0 0 
-312 -8 8 0 0 2 -2 
-488 8 -8 -4 4 -2 2 
-792 -8 8 0 0 2 -2 


-1180 12 -12 4 -4 0 0 
-1810  -14 14 -2 2 0 0 
-2640 16  -16 0 0 0 0 
-3868  -20 20 4 4 -2 2 
-5502 22 -22 -6 6 2 -2 
-7848 -24 24 0 0 -2 2 
-10912 32 -32 4 -4 2 -2 
-15212 -36 36 -4 4 2 -2 
-20808 40 -40 0 0 -2 2 
-28432 -48 48 4 -4 2 -2 
-38308 52 -52 -8 8 -2 2 
-51540 -60 60 0 0 0 0 
-68520 72 -72 12 -12 0 0 
-90928 -80 80 -8 8 -2 2 
-119544 88 -88 0 0 4 -4 
-156728 -104 104 8 -8 -2 2 
-203940 116 -116 -12 12 0 0 
-264672 -128 128 0 0 2 -2 
-341188 148 -148 16 -16 -2 2 
-438732 -164 164 -12 12 2 -2 
-560958 182 -182 0 0 -2 2 
-715312 -208 208 16 -16 2 -2 
-907720 232 -232 -20 20 0 0 
-1148928 -256 256 0 0 -2 2 
-1447904 288 -288 20  -20 4 -4 
-1820226 -318 318 -18 18 -4 4 
-2279520 352 -352 0 0 0 0 
-2847812 -396 396 20  -20 2 -2 
-3545636 436 -436 -28 28 -4 4 
-4404384 -480 480 0 0 4 -4 
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700 
1080 
1620 
2408 
3522 
5048 
7172 

10080 
13998 
19272 
26298 
35600 
47862 
63888 
84722 
111728 
146520 
191080 
248008 
320424 
412088 
527800 
673302 
855616 
1083444 
1367136 
1719362 
2155592 
2694276 
3357664 
4172746 
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Table 28: McKay- Thompson series H 93 


2A 2B 2C 3A 6A 5A 10A 4AB 
14 22 2 33 312 5 54 288 


90 2 2 0 0 0 0 6 
160 0 0 -2 -2 0 0 -8 
270 -2 - 0 0 0 0 6 
440 0 0 2 2 0 0 -4 
700 4 4 -2 -2 0 0 8 

1080 0 0 0 0 0 0 -12 
1620 -4 -4 6 6 0 0 16 


2408 0 0 -4 -4 -2 -2 -12 
3522 2 2 0 0 2 2 18 
5048 0 0 2 2 -2 -2 -28 
7172 -4 -4 -4 -4 2 2 24 
10080 0 0 0 0 0 0 -24 
13998 6 6 6 6 -2 -2 34 
19272 0 0 -6 -6 2 2 -44 
26298 -6 -6 0 0 -2 -2 42 
35600 0 0 8 8 0 0 -48 
47862 6 6 -6 -6 2 2 62 
63888 0 0 0 0 -2 -2 -72 
84722 -6 -6 8 8 2 2 78 
111728 0 0 -10 -10 -2 -2 -80 
146520 8 8 0 0 0 0 96 
191080 0 0 10 10 0 0 -124 
248008 -8 -8 -14 -14 -2 -2 128 
320424 0 0 0 0 4 4 -132 
412088 8 8 14 14 -2 -2 160 
527800 0 0 -14 -14 0 0 -188 
673302 -10 -10 0 0 2 2 198 
855616 0 0 16 16 -4 -4 -216 
1083444 12 12 -18  -18 4 4 248 
1367136 0 0 0 0 -4 -4 -288 
1719362 -14 -14 20 20 2 2 314 
2155592 0 0 -22 -22 2 2 -332 
2694276 12 12 0 0 -4 -4 384 
3357664 0 0 28 28 4 4 -440 
4172746 -14 -14 -26 -26 -4 -4 470 


4CD 
4 
0 


12AB 
6/24 
2 


72 

152 

220 

378 

560 

892 
1272 
1940 
2720 
3960 
5500 
7772 
10590 
14668 
19728 
26772 
35624 
47592 
62568 
82568 
107502 
140172 
180940 
233576 
298968 
382632 
486124 
617112 
778768 
981548 
1230732 
1541244 
1921240 
2391456 
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Table 29: McKay- Thompson series a ) 


2A 


-50 

-72 

-152 
-220 
-378 
-560 
-892 
-1272 
-1940 
-2720 
-3960 
-5500 
-7772 
-10590 
-14668 
-19728 
-26772 
-35624 
-47592 
-62568 
-82568 
-107502 
-140172 
-180940 
-233576 
-298968 
-382632 
-486124 
-617112 
-778768 
-981548 
-1230732 
-1541244 
-1921240 
-2391456 


2B 


104 
-120 
136 
-152 
174 
-196 
220 
-248 
280 
-312 
348 
-392 
432 
-484 
540 
-596 
664 
-736 


2C 


-104 
120 
-136 
152 
-174 
196 
-220 
248 
-280 
312 
-348 
392 
-432 
484 
-540 
596 
-664 
736 
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C.5 Lambency Seven 


111 
139 
167 
195 
223 
251 
279 
307 
335 
363 
391 
419 
447 
475 
503 
531 
559 
587 
615 
643 
671 
699 
727 
755 
783 
811 
839 
867 
895 
923 
951 
979 
1007 
1035 


96 
150 
188 
258 
350 
474 
624 
826 

1090 
1410 
1814 
2338 
2982 
3774 
ATTA 
5994 
7494 
9348 
11586 
14320 
17654 
21654 
26488 
32334 
39324 
47680 
57688 
69600 
83760 
100596 


Table 30: mi 


2A 
114 


96 
130 
188 
258 
350 
474 
624 
826 

1090 
1410 
1814 
2338 
2982 
3774 
ATTA 
5994 
7494 
9348 
11586 
14320 
17654 
21654 
26488 
32334 
39324 
47680 
57688 
69600 
83760 
100596 
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AA 
28 
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80 

108 
168 
232 
328 
444 
620 
812 
1104 
1444 
1904 
2460 
3208 
4080 
5244 
6632 
8400 
10524 
13224 
16408 
20436 
25216 
31120 
38148 
46784 
56976 
69432 
84144 
101904 
122868 
148076 
177656 
213072 


2A 
m 


-4 

-12 

-20 

-32 

-48 

-80 
-108 
-168 
-232 
-328 
-444 
-620 
-812 
-1104 
-1444 
-1904 
-2460 
-3208 
-4080 
-5244 
-6632 
-8400 
-10524 
-13224 
-16408 
-20436 
-25216 
-31120 
-38148 
-46784 
-56976 
-69432 
-84144 
-101904 
-122868 
-148076 
-177656 
-213072 
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Table 31: Hd 


4A 
2/8 
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3AB 


99 


90 

132 
190 
274 
384 
528 
722 
972 
1300 
1724 
2256 
2938 
3806 
4890 
6244 
7940 
10038 
12620 
15814 
19722 
24490 
30310 
37362 
45908 
56236 
68646 
83556 
101436 
122790 
148254 
178566 
214548 
257190 


'Table 32: Ho 
2A 4A 

14 2|8 

6 -2 

12 4 

22 +2 

36 4 

58 -6 

90 2 

132 -4 
190 6 
274 -6 
384 8 
528 -8 
722 10 
972  -12 
1300 12 
1724 -12 
2256 16 
29038 -22 
3806 22 
4890 -22 
6244 28 
7940 -28 
10038 30 
12620 -36 
15814 38 
19722 -46 
24490 50 
30310 -50 
31362 58 
45908 -68 
56236 68 
68646  -74 
83556 84 
101436 -92 
122790 102 
148254  -106 
178566 118 
214548  -132 
257190 142 
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3AB 
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E 


116 
180 
244 
360 
480 
676 
896 
1224 
1588 
2128 
2736 
3588 
4576 
5904 
7448 
9500 
11892 
14992 
18628 
23256 
28688 
35532 
43560 
53528 
65256 
79656 
96564 
117196 
141360 
170600 
204848 
1048 | 245988 -245988 0 0 — 0 


Table 33: H 


fg | 14 2A 4A 3AB 6AB 
Ty 1d 28 3 34 


-4 

-12 

-16 

-36 

-48 

-84 
-116 
-180 
-244 
-360 
-480 
-676 
-896 
-1224 
-1588 
-2128 
-2736 
-3588 
-4576 
-5904 
-7448 
-9500 
-11892 
-14992 
-18628 
-23256 
-28688 
-35532 
-43560 
-53528 
-65256 
-19656 
-96564 
-117196 
-141360 
-170600 
-204848 
-245988 


4A 
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3AB 6AB 
3 34 
L <i 
0 0 
-2 2 
0 0 
0 0 
0 0 
2 2 
0 0 
-2 2 
0 0 
0 0 
-2 2 
2 n 
0 0 
y 2 
1 -1 
0 0 
0 0 
4 4 
0 0 
-4 4 
> 2 
0 0 
E 2 
4 4 
0 0 
-4 4 
$. «8 
0 0 
E 4 
6 -6 
0 0 
-6 6 
4 4 
0 0 
-4 4 
8 -8 
0 0 


100 


115 
143 
171 
199 
227 
255 
283 
311 
339 
367 
395 
423 
451 
479 
507 
535 
563 
591 
619 
647 
675 
703 
731 
759 
787 
815 
843 
871 
899 
927 
955 
983 
1011 


1A 


126 
182 
250 
304 
490 
656 
882 
1180 
1550 
2028 
2638 
3394 
4362 
5562 
7032 
8886 
11166 
13940 
17358 
21536 
26594 
32742 
40180 
49124 
59916 
72852 
88296 
106788 
128816 
154948 


2A 
114 


126 
182 
250 
354 
490 
656 
882 
1180 
1550 
2028 
2638 
3394 
4362 
5962 
7032 
8886 
11166 
13940 
17358 
21536 
26594 
32742 
40180 
49124 
59916 
72852 
88296 
106788 
128816 
154948 
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Table 34: ae 


4A 
218 
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1A 


80 
132 
160 
252 
312 
448 
572 
792 
992 

1348 
1680 
2220 
2776 
3600 
4460 
5712 
7044 
8892 
10932 
13656 
16672 
20672 
25116 
30856 
37352 
45564 
54884 
66572 
79848 
96256 
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Table 35: HR 


2A 4A 
1|4 2]|8 


-132 
-160 
-252 
-312 
-448 
-572 
-792 
-992 
-1348 
-1680 
-2220 
-2776 
-3600 
-4460 
-5712 
-7044 
-8892 
-10932 
-13656 
-16672 
-20672 
-25116 
-30856 
-37352 
-45564 
-54884 
-66572 
-79848 
-96256 


o00oO0O0O0000000000000000000000000000000000> 


101 


UMBRAL MOONSHINE 102 


C.6 Lambency Thirteen 


Table 36: HUP Table 37: HU Table 38: HU? 

[g] — [g| 1A 2A 4AB 2A 4AB [g] id | 1A 2A 4AB 1A 2A 4AB [g] | 1A 2A 4AB 

| T | 1 14 28 1 14 2⁄8 T] 1 14 28 1 14  2]|8 r | 1 14 28 

2b. x -2 48 0 0 0 43 2 2 -2 

51] 2 2 2 100 2 2 0 95 2 2 2 
103| € 2 -2 152 4 -4 0 147 4 4 0 
155| 0 0 0 204 4 -4 0 199 6 6 2 
27| 2 2 -2 256 6 -6 0 251 8 8 -4 
259} 2 2 2 308 8 -8 0 303 10 10 2 
311| 4 4 0 360 8 -8 0 355 ld 4 2 
363} 6 6 2 412 12 «12 0 407 | 18 18 2 
415} 6 6 -2 464 | 16 -16 0 459 | 22 22 -2 
467| 8 8 4 516| 20 -20 0 511| 26 26 2 
519| 12 12 -4 568| 24 -24 0 563 | 34 34 -2 
571 | 14 14 2 620| 32 -32 0 615 | 44 44 4 
623| 14 14 -2 672| 36 -36 0 667 | 5 5 -4 
675 | 20 20 4 724 | 48 -48 0 719| 64 64 4 
727] 24 24 A 776| 56 -56 0 771 | 78 78 -2 
779 | 28 28 4 828 | 68 -68 0 823 | 96 96 4 
831 | 36 36 -4 880 | 80  -80 0 875 | 114 114 -6 
883 | 42 42 6 932 | 100  -100 0 927 | 136 136 4 
935 | 50 50 -6 984 | 112 -112 0 979 | 164 164 -4 
987 | 62 62 6 1036 | 140 -140 0 1031 | 194 194 6 
1039 | 70 70 -6 1088 | 164  -164 0 1083 | 230 230 -6 
1091 | 84 84 8 1140 | 192  -192 0 1135 | 270 270 6 
1143 | 102 102 -6 1192| 224  -224 0 1187 | 318 318 -6 
1195 | 118 118 6 1244 | 268  -268 0 1239 | 374 374 6 
1247 | 136 136 -8 1296 | 306 -306 0 1291 | 434 434  -10 
1299 | 162 162 10 1348 | 364 -364 0 1343 | 506 506 10 
1351 190 190 -10 1400 | 420  -420 0 1395 | 592 592 -8 
1403 | 216 216 8 1452 | 488  -488 0 1447 | 686 686 10 
1455 | 254 254  -10 1504 | 560 -560 0 1499 | 792 792  -12 
1507 | 292 292 12 1556 | 656 -656 0 1551 | 914 914 10 
1559 | 336 336  -12 1608 | 744 -744 0 1603 | 1054 1054  -10 
1611 | 392 392 12 1660 | 864 -864 0 1655 | 1214 1214 14 
1663 | 446 446  -14 1712 | 988  -988 0 1707 | 1394 1394 -14 
1715 | 510 510 14 1764 | 1134 -1134 0 1759 | 1594 1594 14 
1767 | 592 592 -16 1816 | 1292 -1292 0 1811 | 1822 1822  -14 
1819 | 672 672 16 1868 | 1484 -1484 0 1863 | 2084 2084 16 
1871 | 764 764 -16 1920 | 1676 -1676 0 1915 | 2374 2374 -18 
_1923 | 876 876 — 20 _1972 | 1920 -1920 0 1967 | 2698 2698 18 


116 
136 
168 
196 
238 
272 
332 
384 
456 
528 
620 
712 
840 
960 
1120 
1280 
1484 
1688 
1952 
2216 
2544 
2888 
3304 
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Table 39: HUP 


2A 


-116 
-136 
-168 
-196 
-238 
-272 
-332 
-384 
-456 
-528 
-620 
-712 
-840 
-960 
-1120 
-1280 
-1484 
-1688 
-1952 
-2216 
-2544 
-2888 
-3304 


4AB 
2|8 


SS eneee OS 


UMBRAL MOONSHINE 


106 
124 
152 
184 
216 
258 
308 
362 
426 
502 
584 
684 
798 
920 
1070 
1238 
1422 
1638 
1884 
2156 
2468 
2822 
3212 
_1951 | 3660 3660 -16 


Table 40: a 


^ || 1A 2A AAB. 
OON] 1 gu 38 


106 
124 
152 
184 
216 
258 
308 
362 
426 
502 
584 
684 
198 
920 
1070 
1238 
1422 
1638 
1884 
2156 
2468 
2822 
3212 
3660 


12 


104 
132 
152 
190 
220 
268 
312 
376 
432 
520 
596 
708 
812 
956 
1092 
1280 
1460 
1696 
1932 
2236 
2536 
2924 
3308 
3792 
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Table 41: HU 


2A 


-104 
-132 
-152 
-190 
-220 
-268 
-312 
-376 
-432 
-520 
-596 
-708 
-812 
-956 
-1092 
-1280 
-1460 
-1696 
-1932 
-2236 
-2536 
-2924 
-3308 
-3792 


103 


4AB 
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102 
124 
148 
176 
214 
256 
300 
356 
420 
494 
580 
674 
786 
918 
1060 
1226 
1418 
1632 
1874 
2150 
2464 
2816 
3214 


Table 42: a 


2A 


102 
124 
148 
176 
214 
256 
300 
356 
420 
494 
580 
674 
786 
918 
1060 
1226 
1418 
1632 
1874 
2150 
2464 
2816 
3214 
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Table 43: iü 


2A 4AB 


Qo © Q Oo oo Oo COCO Coco coc Co Cc coco C > m JE co A co COO Oo Oo oOo Oo Oo Oo Oo Oo moO. LO 


108 
134 
158 
188 
226 
266 
314 
372 
436 
508 
596 
692 
802 
932 
1074 
1238 
1430 
1640 
1878 
2150 
2456 
1895 | 2800 2800 -8 


Table 44: B 


ig | 1A 2A 4AB. 


108 
134 
158 
188 
226 
266 
314 
372 
436 
508 
596 
692 
802 
932 
1074 
1238 
1430 
1640 
1878 
2150 
2456 
2800 
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Table 45: H Pr 
[g] O J| 1A 2A 4AB. 1A 2A 4AB 


P. T| 1 1M 28 1 14  2|8 
4 2 -2 

56 0 0 

108 4 -4 

160 4 -4 

212 8 -8 

264 8 -8 


836 | 104 -104 
888 | 116 -116 
940 | 148 -148 
992 | 164 -164 
1044 | 208 -208 
1096 | 232 -232 
1148 | 288 -288 
1200 | 324 -324 
1252 | 396 -396 
1304 | 444 -444 
1356 | 536 -536 
1408 | 604 -604 
1460 | 720  -720 
1512 | 812 -812 
1564 960 -960 
1616 | 1080 -1080 
1668 | 1268 -1268 
1720 | 1428 -1428 
1772 | 1664 -1664 
1824 _1824 | 1872 -1872 0 -1872 
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Table 46: aa 


[g | 14 2A 4AB 
ra| 1 14 28 
35 2 J 2 
87 2 2 2 
139 2 2 -2 
191 4 4 0 
243 4 4 0 
295 8 8 0 


347 10 10 -2 
399 10 10 2 
451 16 16 0 
503 20 20 0 
955 22 22 -2 
607 28 28 0 
659 36 36 0 
711 44 44 0 
763 54 54 -2 
815 64 64 0 
867 76 76 0 
919 94 94 2 
971 | 114 114 -2 
1023 | 130 130 2 
1075 | 156 156 0 
1127 | 188 188 0 
1179 | 216 216 -4 
1231 | 254 254 2 
1283 | 300 300 0 
1335 | 346 346 2 
1387 | 404 404 -4 
1439 | 470 470 2 
1491 | 542 542 -2 
1543 | 630 630 2 
1595 | 724 724 -4 
1647 | 828 828 4 
1699 | 954 954 -2 
1751 | 1100 1100 4 
1803 | 1250 1250 -6 


1855 | 1428 1428 4 


Table 47: HU». 


[g] | 


T; | 

12 

64 
116 
168 
220 
272 
324 
376 
428 
480 
532 
584 
636 
688 
740 
792 
844 
896 
948 
1000 
1052 
1104 
1156 
1208 
1260 
1312 
1364 
1416 
1468 
1520 
1572 
1624 
1676 
1728 
1780 
1832 


1A 


ER 
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128 
136 
176 
184 
240 
252 
312 
340 
416 
448 
548 
592 
708 


2A 
m 


-128 
-136 
-176 
-184 
-240 
-252 
-312 
-340 
-A16 
-448 
-548 
-592 
-708 
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28 
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D Decompositions 


As explained in f] (see also 85.1) our conjectural proposals for the umbral McKay—Thompson 
series He (r) => c (d)q? (cf. §{4[C) determine the G(2-modules KY, up to isomorphism for 
d > 0, at least for those values of d for which we can identify all the Fourier coefficients ci (d). 
In this section we furnish tables of explicit decompositions into irreducible representations of 
G® for K eL for the first few values of d. The coefficient cd) of HM = HO is non-zero only 
when d = n — r?/4@ for some integer n > 0. For each of the tables in this section the rows are 
labelled by the values 4£d, so that the entry in row m and column x; indicates the multiplicity of 
the irreducible representation of G with character x; (in the notation of the character tables 
of appearing in the G(Ó-module RU. Jae One can observe that these tables support 
Conjectures [5.1] [5.11] and [5.12] and also give evidence in support of the hypothesis that K 1 
has a decomposition into irreducible representations that factor through G when r is odd, 


and has a decomposition into faithful irreducible representations of G when r is even. 
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D.1 Lambency Two 


Xi X2 X3 X4 X5 


—2 


o 
o 
o 


occo000000000000000o 
INNOODONOOOOOOOOOOO 
Qo 2 52 O 2 O O O — O — O O O O O = 


6 


o 


%NNONOOOOOOOOOOOOoOR 


6 


0 418 18 
0 14 20 20 126 126 128 138 254 
2 20 40 40 182 182 214 200 396 
2 32 55 55 314 314 328 346 640 


Q N N OO N OO CO OOO OO OO O C OOO F O O 


X6 X7 X8 X9 
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Qo B2 B0 ON 2 O cc © oc OF © 


© 
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72 150 
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988 


Table 48: Decomposition of KO 


X11 X12 X13 X14 X15 X16 X17 X18 X19 X20 


0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
1 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 1 1 0 1 1 
2 0 0 2 2 2 
0 2 2 2 2 2 
4 4 4 6 4 4 
6 8 8 4 8 8 
10 14 14 18 14 14 
16 24 24 22 24 24 


38 40 40 46 44 44 


o 


g. a o S S >. Q C W Oo 


140 
256 
394 
676 


0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

2 2 

0 0 

2 2 

4 4 

8 10 
12 12 
26 30 
38 46 
78 86 
122 140 
212 246 
342 388 
582 664 


ODNNOOONOOOO 


454 


X21 


52 O OO OOO CO OO O oO 


654 


X22 


*=0wONOOOOOoOOoOo 


704 


722 1062 1116 
904 1036 1196 1716 1836 
652 814 814 872 860 860 1020 1476 1684 1862 2742 2902 
988 1298 1298 1336 1348 1348 1686 2302 2630 3000 4324 4616 
2 40 98 98 460 460 512 496 972 1590 1590 2020 2020 2144 2118 2118 2546 3638 4162 4624 6768 7166 10856 11376 11898 21204 


>< 
t 
> 


d. 2 C — — — — — oO 


1044 
1702 
2764 


4384 
6950 


>< 
N 
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7204 


X25 X26 
0 0 

0 0 

0 0 

0 0 

0 0 

2 0 

0 2 

2 2 

2 6 

8 10 

10 24 
26 40 
40 80 
84 136 
132 254 
246 424 
400 742 
704 1222 
1120 2058 
1880 3320 
2980 5408 
4828 8572 
7532 13620 
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D.2 Lambency Three 


Table 49: Decomposition of K 9 


11 
23 
35 


47 


59 
71 


10 


83 
95 


107 


Table 50: Decomposition of ke 


| X16 X7 X18 X19 X20 X21 X22 X23 X24 X25 X26 


20 
32 


44 
56 
68 
80 
92 


14 


12 


104 


116 
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D.3 Lambency Four 


Table 51: Decomposition of K (9 


| X1 X2 X3 X4 X5 Xo X7 Xs X9 X10 X11 
12 0 0 0 0 0 0 0 O 0 0 
15 0 0 0 0 0 0 2 Ü 0 0 0 
31 0 0 0 0 0 0 0 O0 0 0 2 
47 0 0 0 0 0 2 0 0 2 2 0 
63 0 1 ll 0 2 0 0 2 2 2 4 
79 0 0 0 2 2 2 4 0 4 6 4 
95 0 2 2 2 2 4 2 4 6 8 12 
111 2 2 2 6 6 6 8 6 10 18 14 
127 0 4 4 6 10 10 6 12 18 26 30 
143 2 6 6 14 14 18 18 10 32 46 40 
159 4 10 10 18 24 26 20 26 44 68 76 


Table 52: Decomposition of K (5 


X1 X2 X3 X4 X5 Xo XT X8 X9 X10 X11 
T 0 1 1 0 0 0 0 0 0 0 0 
23 0 0 0 0 0 0 0 0 2 0 0 
39 0 0 0 0 2 0 0 0 0 2 0 
55 0 0 0 2 0 0 0 2 2 2 2 
71 0 2 2 0 2 2 0 0 2 4 4 
87 2 0 0 2 2 2 4 4 6 6 8 
103 0 2 2 2 6 6 4 2 6 14 12 
119 2 2 2 8 4 8 6 8 18 20 22 
135 2 8 8 8 14 14 12 10 20 36 34 
151 4 6 6 18 16 20 20 22 42 54 56 


Table 53: Decomposition of KY 


X12 Xis X14 X15 X16 


12 0 1 1 0 0 
28 0 0 0 1 1 
44 2 0 0 2 2 
60 0 2 2 4 4 
76 2 2 2 8 8 
92 6 4 4 14 14 
108 6 9 9 24 24 
124 | 14 14 14 40 40 
140 | 24 20 20 66 66 
156 | 32 36 36 104 104 
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D.4 Lambency Five 


Table 54: Decomposition of K (5) Table 56: Decomposition of ko 
| Xi X2 X3 X4 X5 X6 XT Xs X9 X10 Xu X12 X13 X14 
-11-2 0 0 0 0 0 O 16 0 0 0 0 1 1 0 
19 0 0 2 0 0 O0 0 36 0 0 1 1 1 1 2 
39 0 0 0 2 0 2 0 56 2 2 2 2 2 2 2 
59 0 0 2 0 2 2 2 76 0 0 4 4 4 4 6 
79 0 2 2 4 2 2 4 96 2 2 6 6 8 8 8 
99 2 0 6 2 6 4 6 116| 2 2 10 10 12 12 18 
119 0 2 6 8 8 10 10 136} 4 4 16 16 22 22 22 
139 4 2 14 10 14 12 16 156| 6 6 26 26 32 32 4 
159 2 6 14 20 20 22 26 176 | 12 12 40 40 50 50 56 
179 8 4 28 22 36 32 40 196 | 13 13 60 60 74 74 94 
Table 55: Decomposition of ke Table 57: Decomposition of K 9 

X1 X2 X3 X4 X5 X6 XT X8 X9 X10 Xu X12 X13 X14 

11 0 0 0 2 0 O0 0 4 1 1 0 0 0 0 0 
31 0 0 0 0 2 0 2 24 0 0 0 0 0 0 2 
51 0 0 2 2 2 2 2 44 0 0 0 0 2 2 0 
71 2 0 4 2 4 4 4 64 0 0 2 2 1 1 4 
91 0 2 4 6 6 8 8 84 2 2 2 2 4 4 2 
111| 2 2 10 S 12 10 14 104} 0 0 4 4 6 6 10 
131} 4 4 14 16 18 18 22 124| 4 4 8 8 10 10 8 
151} 8 4 24 22 30 30 34 144| 1 1 13 13 14 14 22 
171| 8 10 34 38 44 46 54 164| 6 6 18 18 26 26 24 
191 | 14 14 58 52 68 64 82 184| 6 6 30 30 34 34 50 
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D.5 Lambency Seven 


Table 58: Decomposition of K (n Table 61: Decomposition of KM? 
| X1 X2 X3 X4 X5 X6 XT 
-1 |-2 0 0 0 24 2 0 0 
27 2 1 1 0 52 2 2 2 
55 0 0 0 2 80 2 4 4 
83 0 2 2 2 108| 6 5 5 
111 2 0 0 6 136| 8 8 8 
139 4 4 4 6 164 | 12 14 14 
167 2 2 2 12 192 | 20 17 17 
195 8 6 6 16 220 | 28 28 28 
223 6 6 6 26 248 | 36 40 40 
251 | 12 14 14 30 276 | 56 54 54 
Table 59: Decomposition of Ki" Table 62: Decomposition of K (n 
| X1 X2 X3 X4 X5 X6 XT 
19 0 d 0 2 12 0 1 1 
4T 2 2 2 2 40 2 2 2 
75 2 1 1 6 68 4 2 2 
103| 4 4 4 8 96 6 6 6 
131 2 4 4 16 124 8 8 8 
159| 8 8 8 22 152| 14 14 14 
187| 10 10 10 34 180 | 18 20 20 
215 | 16 18 18 46 208 | 30 30 30 
243|22 21 21 70 236 | 42 40 40 
271| 34 34 34 94 264 | 60 60 60 
Table 60: Decomposition of K (? Table 63: Decomposition of KM 
X1 X2 X3 X4 X5 X6 XT 
3 0 1 1 0 20 2 0 0 
31 0 0 0 2 48 0 1 1 
59 2 0 0 4 76 2 2 2 
87 0 2 2 6 104| 2 2 2 
115| 4 4 4 8 132| 4 6 6 
143| 6 4 4 14 160} 6 6 6 
171 6 8 8 20 188 | 12 10 10 
199 | 10 10 10 32 216 | 12 14 14 
227 | 18 16 16 44 244 | 22 22 22 


255 | 18 20 20 64 272 | 28 26 26 
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D.6 Lambency Thirteen 


Table 64: Decomposition of KO) Table 67: Decomposition of ke» 
| Xi X2 X3 X4 
-1|-2 0 48 0 0 
51 2 0 100} 1 1 
103 0 2 152} 2 2 
155 0 0 204| 2 2 
207 0 2 256| 3 3 
259 2 0 308| 4 4 
311 2 2 360| 4 4 
363 4 2 412| 6 6 
415 2 4 464} 8 8 
467 6 2 516 | 10 10 
Table 65: Decomposition of K 9 Table 68: Decomposition of K (13) 
Xi X2 X3 X4 
43 0 2 36 1 1 
95 2 0 88 2 2 
147| 2 2 140} 2 2 
19| 4 2 192| 4 4 
251} 2 6 244| 4 4 
303| 6 4 296 | 6 6 
355| 6 8 348| 8 8 
407 | 10 8 400 | 11 11 
459 | 10 12 452| 12 12 
511 | 14 12 504 | 18 18 
Table 66: D iti (13) iti (13) 
able 66: Decomposition of K; Table 69: Decomposition of Ke 
Xi X2 X3 X4 
27 2 0 16 1 1 
79 2 2 68 2 2 
131| 4 2 120| 2 2 
183| 2 4 172| 4 4 
235 | 6 4 224| 4 4 
287 | 6 8 276| 8 8 
339 | 8 8 328 | 8 8 
391 | 10 12 380 | 12 12 
443 | 16 14 432 | 14 14 


Aa 
Ko) 
al 
E 
O) 
i) 
o 


484 | 19 19 


Table 70: Decomposition of Ki 


Table 71: 


'able 72: 
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13) 


Decomposition of K. (13) 


X1 

23 0 

75 2 

127 2 
179 4 
231 4 
283 6 
335 6 
387 | 10 
439 | 12 
491 | 16 


Decomposition of K 


X1 

35 2 

87 2 

139 0 
191 2 
243 2 
295 4 
347 4 
399 6 
451 8 


al 
j=) 
w 
E 
o 


Oo *>=0+20NNNO O "° 


= 
° 


(13) 
11 


Table 73: Decomposition of KY) 


40 
92 
144 
196 
248 
300 
392 
404 
456 
508 


Table 74: Decomposition of K 


Table 75: Decomposition of K 


12 
64 
116 
168 
220 
272 
324 
376 
428 
480 
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